Paraxial approximation of the polarization vectors in the isotropic ray theory Luděk Klimeš^∗, Department of Geophysics, Charles University, Prague, Czech Republic

Summary

The equations for the linear paraxial approximation of the polarization vectors and for the variation of the polarization vectors with a velocity perturbation are presented.

Introduction

The equations for the linear paraxial approximation of the polarization vectors and for the variation of the polarization vectors with a velocity perturbation were derived by Coates & Chapman (1990). Here the equations are derived in more detail, and the final equations presented make it more obvious which numerical quadratures along the central ray are required.

Notation and coordinates

In the case of component notation, the capital–letter indices take values K, L, ... = 1, 2; the lower–case indices take values k, l, ... = 1, 2, 3. The Einstein summation convention is used with respect to repeated subscripts. Let us introduce three coordinate systems: (a) Cartesian coordinates xi. (b) Ray coordinates γi, where γ1, γ2 are the takeoff ray parameters and γ3 is an independent variable along rays (e.g., travel time τ, arclength s, σ = ∫ vds, or another parameter). (c) Ray–centred coordinates qi connected with the central ray, where qI are Cartesian coordinates in plane q3 = constant perpendicular to the central ray, and q3 is the arclength s along the central ray.

Polarization vectors

We denote by HiK two mutually perpendicular unit vectors, perpendicular to the ray (polarization vectors in the case of an S wave). We require them not to rotate with respect to the ray. Similarly, we denote by Hi3, Hi3 = piv , (1) the unit vector tangent to the ray (polarization vector in the case of a P wave). At the central ray, Hik = ∂xi ∂qk . (2)

Geometrical spreading matrix and the travel{time derivatives

We denote by Qim the matrix of geometrical spreading, Qim = ∂qi ∂γm , (3) and by Pim the matrix Pim = ∂^2τ ∂γm∂qi = ∂ ∂γm ( pj ∂xj ∂qi ) = ∂pj ∂γm ∂xj ∂qi + pj ∂ql ∂γm ∂^2xj ∂ql∂qi = ∂pj ∂γm ∂xj ∂qi + pj ∂q3 ∂γm ∂^2xj ∂q3∂qi + δi3pj ∂ql ∂γm ∂^2xj ∂q3∂ql , (4)

where δij is the Kronecker delta (components of the identity matrix). At the central ray, relation (4) yields Pim = ∂pj ∂γm Hji + pj ∂Hji ∂s Q3m + δi3pj ∂Hjl ∂s Qlm . (5) Matrices Qim and Pim are related as Pim = Mij Qjm , (6) where Mij = ∂^2τ ∂qi∂qj (7) is the matrix of the second travel–time derivatives in the ray–centred coordinates.

Equation for the polarization vectors

The very simple form of the equation to trace the polarization vectors along rays reads (Coates & Chapman 1990, equation C3) ∂Hik ∂γ3 = Wij Hjk , (8)

Paraxial polarization vectors

where Wij = ∂piv ∂γ3 pj v � ∂pj v ∂γ3 piv = ∂pi ∂γ3 pjv^2 � ∂pj ∂γ3 piv^2 . (9)

For the sake of conciseness, we shall express similar equations in a form analogous to Wij = [ ∂piv ∂γ3 pj v ] �^[. . . i↔j^] . (10)

Note that the derivative with respect to γ3 in (8) is really a partial derivative, because it is applied for γ1, γ2 constant.

Paraxial polarization vectors

We are interested in the derivatives ∂Hik ∂qn = ∂Hik ∂γm Q^{−1}_{mn} (11)

of the polarization vectors in ray–centred coordinates. Equation (8) together with the ray tracing equations yields ∂Hik ∂q3 = ( ∂p_i ∂s pjv^2 � ∂pj ∂s piv^2 ) Hjk = ( �^{∂v}_{∂xi} pj +^{∂v}_{∂xj} pi^) Hjk , (12) where s is the arclength along the ray. Since Hi3 is a unit vector perpendicular to the wavefront, ∂Hi3 ∂qN = HiLMLN v , (13) where MLN are the second travel–time derivatives in the ray–centred coordinates, see (7). Unit vectors Hi1, Hi2 are mutually perpendicular and both of them are perpendicular to Hi3. Their derivatives can thus be expressed as ∂HiK ∂qN = ϵKLHiLΩN � Hi3MKN v , (14) where ϵ11 = ϵ22 = 0, ϵ12 = �ϵ21 = 1 and

ΩN = ∂Hi1 ∂qN Hi2 = � ∂Hi2 ∂qN Hi1 . (15)

Note that equation (14) is equivalent to equation C9 of Coates & Chapman (1990). We now have to find the equations for Ω1 and Ω2.

Equations for the paraxial polarization vectors

The differentiation of (8) with respect to ray coordinates γm yields ∂ ∂γ3 ∂Hik ∂γm = Wij ∂Hjk ∂γm + ∂Wij ∂γm Hjk . (16) Assume that Hik is a unitary 3 � 3 matrix satisfying equation (8). The solution of (16) may then be expressed in the form ∂Hnl ∂γm (γ3) = Hnk(γ3) [ H^{−1}_{ki} (γ^0_3 ) ∂Hil ∂γm (γ^0_3 ) + ∫_{γ3} γ03 dγ3H^{−1}_{ki} ∂Wij ∂γm Hjl ]

= Hnk(γ3) [ Hik(γ^0_3 ) ∂Hil ∂γm (γ^0_3 ) + ∫_{γ3} γ03 dγ3Hik ∂Wij ∂γm Hjl ] . (17)

Note that equations (16) and (17) are identical to equations C5 and C6 of Coates & Chapman (1990), who introduce

3 � 3 propagator matrix Eni(γ3, γ^03 ) = Hnk(γ3)H^{−1}_{ki} (γ^03 ) by equation C4.

We shall now consider the integral on the right–hand side of this relation, ∫ dγ3Hik ∂Wij ∂γm Hjl = [∫ dγ3HikHjl ∂ ∂γm ( ∂piv ∂γ3 pj v )] �^[. . . k↔l^] = [∫ dγ3HikHjl ( pjv ∂ ∂γ3 ∂piv ∂γm + ∂piv ∂γ3 ∂pj v ∂γm )] �^[. . . k↔l^] , (18)

Paraxial polarization vectors

see (10). Since piv = Hi3, see (1), and Hi3^{∂piv}_{∂γm} = 0, ∫ dγ3Hik ∂Wij ∂γm Hjl = [∫ dγ3 ( Hikδ3l ∂ ∂γ3 ∂piv ∂γm + HiKδKk ∂piv ∂γ3 ∂pj v ∂γm HjLδLl )] �^[. . . k↔l^] , (19)

Since (19) is skew (antisymmetric) in indices k and l, ∫ dγ3Hik ∂Wij ∂γm Hjl = [∫ dγ3 ( HiK δKkδ3l ∂ ∂γ3 ∂piv ∂γm + HiKδKk ∂piv ∂γ3 ∂pj v ∂γm HjLδLl )] �^[. . . k↔l^] . (20) Since^{∂HiK}_{∂γn}^{∂pi v}_{∂γm} = 0 and HiK^{∂piv}_{∂γ3} = �v^{−1 ∂s}_{∂γ3}^{∂v}_{∂qK} , ∫ dγ3Hik ∂Wij ∂γm Hjl = [∫ dγ3 ( δKkδ3l ∂ ∂γ3 ( ∂piv ∂γm HiK ) � δKkv^{−1 ∂s}_{∂γ3} VK^{∂pj v}_{∂γm} HjLδLl^{)]} �^[. . . k↔l^] , (21) which reads ∫ dγ3Hik ∂Wij ∂γm Hjl = [ δKkδ3lv ∂pi ∂γm HiK � δKkδLl^∫ dsVK^{∂pi}_{∂γm} HiL^] �^[. . . k↔l^] . (22) Here Vk = ∂v ∂xi Hik (23) is the velocity gradient in the ray–centred coordinate system at the central ray. Insertion of (12) into (5) yields Pkm = ∂pj ∂γm Hjk � 2v^{−2}δk3V3Q3m + v^{−2}VkQ3m + v^{−2}δk3VlQlm . (24) Considering (24), relation (22) takes the form ∫ dγ3Hik ∂Wij ∂γm Hjl = [ δKkδ3lv ( PKm � v^{−2}VKQ3m^) � δKkδLl^∫ dsVK PLm^] �^[. . . k↔l^] = (δKkδ3l � δ3kδKl) ( vPLm � v^{−1}VLQ3m ) � δKkδLlϵKL^∫ dsVI ϵIJ PJm . (25) Equations (11) and (17) yield HiK (γ3) ∂HiL ∂qn (γ3) = [ HiK (γ^0_3 ) ∂HiL ∂γm (γ^0_3 ) + ∫_{γ3} γ03 dγ3HiK ∂Wij ∂γm HjL ] Q^{−1}_{mn}(γ3) . (26)

Inserting (25) into (26), we arrive at HiK(γ3) ∂HiL ∂qn (γ3) = [ HiK(γ^0_3 ) ∂HiL ∂γm (γ^0_3 ) � ϵKL ∫_{s(γ3)} s(γ03) dsVI ϵIJ PJm ] Q^{−1}_{mn}(γ3) . (27)

Inserting this into (15) and applying (11) for γ3 = γ^0_3 , we obtain this expression for ΩN :

ΩN (γ3) = [ Hi2(γ^0_3 ) ∂Hi1 ∂qn (γ^0_3 )Qnm(γ^0_3 ) + ∫_{s(γ3)} s(γ03 ) dsVI ϵIJPJm ] Q^{−1}_{mN} (γ3) . (28)

Since QJ3 = 0, PJ3 = 0, HiK ∂HiL ∂q3 = 0, (29)

which follows from (3), (4) and (8), equation (28) becomes

ΩN (γ3) = [ Hi2(γ^0_3 ) ∂Hi1 ∂qJ (γ^0_3 )QJM (γ^0_3 ) + ∫_{s(γ3)} s(γ03) dsVI ϵIJPJM ] Q^{−1}_{MN} (γ3) , (30)

which is equivalent to equation C10 of Coates & Chapman (1990). Here QMN and PMN are the standard 2 � 2 paraxial ray tracing matrices in the ray–centred coordinate system. In order to evaluate the paraxial changes of the S–wave polarization vectors, we need to compute two integrals ∫_{s(γ3)} s(γ03) ds (V1P2M � V2P1M ) (31)

along the ray.

Paraxial polarization vectors

Variation of the polarization vectors with a velocity perturbation

We denote by δA the variation of quantity A with respect to any of the model parameters. During the velocity perturbations, we keep the coordinate systems fixed. The perturbations (i.e. the variations with respect to the model parameters) then have the properties of partial derivatives, and commute with the partial derivatives with respect to the coordinates. Equations (16)–(22) thus remain valid if we replace partial derivative^∂_{∂γm} by variation δ with respect to a model parameter. With this substitution, equations (17) and (22) yield δHnl(γ3) = Hnk(γ3) [ Hik(γ^0_3 )δHil(γ^0_3 )

+ (δKkδ3l � δ3kδKl) v(γ3) [ HiK(γ3)δpi(γ3) � HiK(γ^0_3 )δpi(γ^0_3 ) ] � (δKkδLl � δLkδKl)^{∫ s(γ3)}_{s(γ03)} dsVK HiLδpi ] . (32)

This equation may be rearranged to read δHnl(γ3) = Hnk(γ3) [ δKkδLlHiK (γ^0_3 )δHiL(γ^0_3 )

+(δKkδ3l � δ3kδKl) � v(γ3)HiK(γ3)δpi(γ3) � ϵKLδKkδLl ∫_{s(γ3)} s(γ03 ) dsVI ϵIJHiJ δpi ] . (33)

In order to evaluate the perturbation of the S–wave polarization vectors, we need to compute the integral ∫_{s(γ3)} s(γ03 )

ds (V1δP2 � V2δP1) (34)

along the ray. Here δPk = Hikδpi (35) is the slowness vector perturbation in ray–centred coordinates.

Conclusions

Equations (12), (13) and (14) with (30) may be used to calculate the first derivatives of the polarization vectors. Two numerical quadratures (31) are required to calculate the derivatives of the S–wave polarization vectors perpendicularly to the ray.

Equation (33) may be used to calculate the variations of the polarization vectors with velocity perturbations. Equation (33) takes a very simple form for the variation of the P–wave polarization vector or for the ray–tangent component of the variation. In addition to the quadratures for the variation of the central ray (Farra & Madariaga 1987), one numerical quadrature (34) is required for the ray–normal components of the variation of the S–wave polarization vectors per each perturbation.

The numerical quadratures can be calculated after ray tracing, along rays stored together with the polarization vectors and the paraxial ray propagator matrix in disk files (Červený, Klimeš & Pšenčík 1988, section 7.26).

References Červený, V., Klimeš, L. & Pšenčík, I. (1988): Complete seismic–ray tracing in three–dimensional structures. In: Doornbos, D.J. (ed.), Seismological Algorithms, pp. 89–168, Academic Press, New York.

Coates, R.T. & Chapman, C.H. (1990): Ray perturbation theory and the Born approximation. Geophys. J. int., 100, 379–392.

Farra, V. & Madariaga, R. (1987): Seismic waveform modeling in heterogeneous media by ray perturbation theory. J. geophys. Res., 92 B, 2697–2712.

Acknowledgements

This paper was initiated by the fruitful discussions with Ivan Pšenčík. The first version of the manuscript was written at the Institute of Geology and Geotechnics of the Czechoslovak Academy of Sciences in Prague. It was revised and converted into TEX during the author’s visiting fellowship at the Geological Survey of Canada in Ottawa, Ontario. The final revision of the paper has been supported by the consortium “Seismic Waves in Complex 3-D Structures” (“http:/seis.karlov.mff.cuni.cz/consort/main.htm”).