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Summary

An attempt is made to extend the application of the weak-attenuation concept to the
computation of reflection and transmission coefficients at interfaces separating weakly
attenautive media. Specifically, effects of weak attenuation on SH-wave reflection and
transmission coefficients at interfaces separating weakly attenuative isotropic media are
studied. The study is based on the assumption of validity of the correspondence principle;
fixed frequency is considered. Basic role in the evaluation of coefficients is played by
slowness vectors of incident and transmitted waves. They have to satisfy corresponding
approximate eikonal equations and the Snell law. Resulting formulae for coefficients
are singular for the angle corresponding to the critical incidence in the reference elastic
medium. Outside the vicinity of this angle, results of the proposed formulae approximate
well results of the reference formulae for attenuative media. The width of the vicinity
depends on the magnitude of the quality factors on both sides of the interface, and more
strongly on the inhomogeneity of the incident wave.

Introduction

Realistic media are generally attenuative. A common way to study such media is to
use the so-called correspondence principle (Bland 1960; Carcione, 2001; Borcherdt, 2009),
which allows to obtain wave propagation results in attenuative media from the results
in elastic media by replacing real-valued elastic parameters by their anelastic complex-
valued counterparts. Despite the criticism of the use of this approach (see, e.g., Morozov,
2009) and successful attempts indicating that it is possible to avoid its use (Daley and
Krebes, 2015), we use the correspondence principle as a basis of the approximate approach
introduced below.

The motivation for our interest in plane-wave displacement reflection/transmission
coefficients is the generalization of our program packages based on high-frequency asymp-
totic methods, specifically the ray method (Wcislo and Pšenč́ık, 2017), to layered at-
tenuative media. Straightforward application of the ray method to such media leads
to complex-valued ray tracing (Thomson, 1997). This is a quite complicated and time-
consuming procedure. If attenuation is weak, which is often the case, it is possible to
consider it as a perturbation of elasticity. This was proposed by Kravtsov and Orlov
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(1990) and applied by Moczo et al. (1987) or Gajewski and Pšenč́ık (1992) to seismic wave
propagation in smooth, isotropic and anisotropic, weakly attenuative media. Alternative
approaches were proposed by Vavryčuk (2008), Klimeš and Klimeš (2011). Real-valued
ray tracing in a reference elastic medium can be used in these approaches. Effects of
attenuation are then calculated by numerical quadratures along the real-valued rays. In
this contribution, we extend the described perturbation approach to layered media.

We concentrate on the simplest case, the problem of reflection and transmission of
an SH wave at an interface between two isotropic, attenuative media. This problem has
been studied, among many other authors, by Buchen (1971), Borcherdt (1977), Krebes
(1983), Richards (1984), Brokešová and Červený (1998), Ruud (2006), Krebes and Daley
(2007), Sidler et al. (2008), Vavryčuk (2010), Daley and Krebes (2015) or Ursin et al.
(2017). The problem is also discussed in several textbooks, see, e.g., Carcione (2001) or
Borcherdt (2009).

Authors of many of the above-mentioned studies faced a problem, which is in a great
detail described by Krebes and Daley (2007) and investigated further by Daley and Krebes
(2015). It is the problem of the choice of the sign of the square root in the expression
for the vertical component of the slowness vector of a generated (transmitted) wave in
case of the overcritical incidence. Behura and Tsvankin (2009), who studied reflection of
waves at an interface separating attenuative anisotropic, specifically transversely isotropic
media with vertical axis of symmetry, avoided this problem by concentrating on only
subcritically reflected and transmitted waves. We are interested in both, subcritical and
overcritical reflections, and avoid the problem by the use of the perturbation approach.
Use of the perturbation approach implicitly includes “continuity” criterion of Krebes and
Daley (2007), which guarantees a continuous transition of the reflection or transmission
coefficient from anelastic to elastic media.

Approximate approach proposed in this paper starts from the expressions for the
plane-wave displacement SH reflection and transmission coefficients, which are formally
the same for elastic and anelastic media. The only difference is that velocities and slowness
vectors are real valued in elastic and complex valued in anelastic media (Krebes, 1983;
Carcione, 2001; Krebes and Daley, 2007). The complex-valued SH-wave slowness vectors
are assumed to be confined to the plane of incidence. This guarantees the factorization of
the system of equations for reflection and transmission coefficients into the 4 ×4 system
for P and SV waves and 2 × 2 system for SH waves (Brokešová and Červený, 1998).

Basic role in the expressions for the reflection and transmission coefficients is played by
complex-valued slowness vectors of incident and transmitted waves. Real-valued parts of
slowness vectors are called propagation vectors and imaginary parts are called attenuation
vectors. If these two vectors are parallel, the corresponding wave is called homogeneous,
if their directions differ, the wave is called inhomogeneous. Slowness vectors of incident
and transmitted homogeneous or weakly inhomogeneous waves at an interface separating
two weakly attenuative media must satisfy the following two conditions:

a) approximate relations resulting from the corresponding complex-valued eikonal equa-
tions;

b) Snell’s law, which guarantees equality of tangential components of complex-valued
slowness vectors of the incident and generated waves;
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Other authors, see, for example, Krebes and Daley (2007) or Ursin et al. (2017), use
additionally the radiation condition, which guarantees decay of amplitudes of generated
waves away from the interface in case of generation of inhomogeneous waves. In our case,
this condition is satisfied by waves propagating in the reference elastic medium. Effect of
weak attenuation represents only a perturbation of the slowness vector in the reference
elastic medium. In this way, the proposed approach does not include the above-mentioned
selection of signs of square roots determining vertical components of slowness vectors of
transmitted wave in an anelastic medium. The problem of the selection of the sign is
solved, in a standard way, in the reference elastic medium. Incident wave, generating a
reflected and transmitted wave may be homogeneous as well as inhomogeneous. The only
limitation is the applicability of the approach to weakly or moderately attenuative media
(Q ≫ 1, where Q is the quality factor) and/or the use of only weakly or moderately
inhomogeneous waves. The resulting coefficients are singular at the point corresponding
to the critical incidence of a wave at the interface situated in the elastic reference medium,
and thus inaccurate in the vicinity of this point (see Buchen, 1971 discussing a similar
problem). As Krebes and Daley (2007) point out, this is, however, not a serious limitation
since the ray theory does not work properly in the critical region anyway.

The paper has the following structure. In the section below, we introduce the SH-
wave reflection and transmission coefficients for weakly attenuative media and describe
the quantities specifying it. In the section “Slowness vectors”, we specify slowness vectors
of incident and transmitted waves. Slowness vector of transmitted wave satisfies the two
conditions specified above. In the following section, we discuss properties of the derived
coefficients and present their simplified, slightly less accurate versions, in the form of
“elastic” coefficients and their corrections. The accuracy of the derived expressions is
then tested on several models in the section Numerical tests. The main results are briefly
discussed in the Conclusion section.

Basic equations

Expression for the SH-wave displacement reflection and transmission coefficients at
an interface separating two elastic halfspaces can be found in many forms in various
textbooks (Červený, 2001, eq.5.3.2; Carcione, 2001, eq.3.171; Aki and Richards, 2002,
eq.5.33; Chapman, 2004, eq.6.3.7). Using the correspondence principle (Carcione, 2001;
Borcherdt, 2009), we can use the above-mentioned formulae for the evaluation of coef-
ficients at interfaces separating anelastic halfspaces if real-valued velocities are replaced
by their complex-valued counterparts. In the following, we consider SH waves whose at-
tenuation vectors of incident and generated waves are situated in the plane of incidence
(Borcherdt, 2009, eqs 5.4.18, 5.4.19). We use the plane SH-wave reflection and transmis-
sion displacement coefficients in the form:

R =
ρ1β

2
1piNi − ρ2β

2
2p

(t)
k Nk

ρ1β2
1piNi + ρ2β2

2p
(t)
k Nk

, T =
2ρ1β

2
1piNi

ρ1β2
1piNi + ρ2β2

2p
(t)
k Nk

. (1)

Symbols ρi and βi denote the density and S-wave velocity in the i-th halfspace; i = 1, 2,
respectively. Incident and reflected waves propagate in the upper halfspace, transmitted
wave propagates in the bottom halfspace. Symbols p and p(t) denote slowness vectors of
incident and transmitted SH waves, respectively. The symbol N in equation (1) denotes
the unit normal to the interface, which is positive downwards.
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In weakly attenuative media (Q ≫ 1), velocities βi can be expressed as follows (Aki
and Richards, 2002; Krebes and Daley, 2007; Borcherdt, 2009):

βi(ω) = βR
i (ω) − iβI

i (ω) = βR
i (ω)[1 − 1

2
iQ−1

i (ω)] . (2)

Symbol Qi denotes the quality factor in the i-th halfspace. In the following, we work
exclusively with the reference medium S-wave velocity βR

i . For the sake of simplicity,
we denote it βi in the following, without using the subscript R. Velocities βi as well as
quality factors Qi are frequency dependent, i.e., βi = βi(ω), Qi = Qi(ω). We consider ω
fixed throughout this paper. The use of the sign minus in equation (2) corresponds to
the form of the exponential factor of the time-harmonic plane waves used: exp[−iω(t −
pkxk)]. Components pk and p

(t)
k of slowness vectors p and p(t) in attenuative media can

be expressed in the following form:

pi = Pi + iAi , p
(t)
i = P

(t)
i + iA

(t)
i . (3)

In equation (3), P and P(t) are propagation vectors, and A and A(t) are attenuation
vectors, all vectors being real valued. For the incident wave, the propagation vector P is
the slowness vector in the reference elastic medium, the attenuation vector A represents its
perturbation. For the transmitted wave, the propagation vector P(t) and the attenuation
vector A(t) represent real and imaginary parts of the complex-valued slowness vector of
the transmitted wave.

Slowness vectors

Slowness vectors of incident and transmitted waves must satisfy important relations
resulting from the eikonal equation for attenuative media:

pipi = β−2 (4)

with p and β given in equations (3) amd (2), respectively. Under the weak-attenuation
approximation we obtain:

PiPi = β−2
1 , PiAi =

1

2
β−2
1 Q−1

1 , P
(t)
i P

(t)
i = β−2

2 , P
(t)
i A

(t)
i =

1

2
β−2
2 Q−1

2 . (5)

The approximate satisfaction of the eikonal equation is sufficient for the specification
of the slowness vector of incident wave propagating in an attenuative medium. Slowness
vector of the transmitted wave must satisfy, in addition, also Snell’s law. Let us first
specify the slowness vector of the incident wave.

Incident wave

If the incident wave propagates in an elastic medium, its attenuation vector is zero,
A = 0. In this case, components of the slowness vector read:

pi = Pi . (6)
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In an attenuative medium, the attenuation vector A is non-zero and the slowness vector
p satisfying first and third of equations (5) has components:

pi = Pi + iAi = Pi + i
(1

2
Q−1

1 Pi + Dmi

)
. (7)

In equation (7), m is a unit vector perpendicular to P. It is chosen so that it is situated
in the plane of incidence formed by vectors P and N; this results in the slowness vector
p confined to the plane of incidence. The symbol D denotes the inhomogeneity factor
(Červený and Pšenč́ık, 2008). For D = 0, the wave is homogeneous, for D ̸= 0, the wave
is inhomogeneous. The inhomogeneity factor D represents an alternative and more con-
venient characteristics of inhomogeneity of a wave than the attenuation (inhomogeneity)
angle γ between the vectors P and A, see Červený and Pšenč́ık (2011).

As indicated above, the slowness vector in the reference elastic medium serves as the
propagation vector P of the incident wave in the attenuative medium, see equation (6).
The attenuation vector A is considered as its perturbation. This means that we must
require Q−1 ≪ 1 and D ≪ 1 in equation (7).

Transmitted wave

Slowness vector of a transmitted wave, p(t), must, in addition to the eikonal equation,
see equation (5), satisfy generalized Snell’s law:

p
(t)
i −Ni(p

(t)
k Nk) = pi −Ni(pkNk) . (8)

Equation (8) indicates that horizontal components of generally complex-valued slowness
vectors of generated and incident waves are the same. The real part of the horizontal
component of the slowness vector is the real-valued ray parameter p,

p = Pi −Ni(PkNk) = P
(t)
i −Ni(P

(t)
k Nk) . (9)

For p
(t)
i , we get from equation (8):

p
(t)
i = pi −Ni(pkNk) + (p

(t)
k Nk)Ni , (10)

see also equation (19) of Červený (2007). Our goal is the evaluation of the projection p
(t)
k Nk

of the slowness vector p(t) of the transmitted wave to the normal N to the reflector.

Let us introduce the following notation:

X1 = β1PiNi , X2 = β2P
(t)
i Ni , ξ = β1AiNi , ξ(t) = β2A

(t)
i Ni . (11)

With the notation (11), we can rewrite equation (10) to the form

P
(t)
i + iA

(t)
i = Pi − β−1

1 X1Ni + i(Ai − β−1
1 ξNi) + β−1

2 X2Ni + iβ−1
2 ξ(t)Ni . (12)

The quantities X1 and X2 in equation (11) are the square roots, well known from
studies of reflection/transmission in elastic media. They can be expressed in terms of the
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ray parameter p and the corresponding velocity βi. For p ≤ β−1
2 , i.e. for the subcritical

or critical incidence

X1 = (1 − β2
1p

2)1/2 , X2 = (1 − β2
2p

2)1/2 , (13)

see Červený (2001; eq. 5.3.5), where X1 and X2 are denoted P2 and P4. For the overcritical
incidence (for p > β−1

2 ), the expression for X1 remains unchanged, but X2 becomes
imaginary:

X2 = iX̄2 = i(β2
2p

2 − 1)1/2 , (14)

where X̄2 is a real-valued quantity. The positive sign on the right-hand side of equation
(14) corresponds to the used exponential factor exp[−iω(t − pkxk)]. The choice of the
sign results from the radiation condition applied in the reference elastic medium (decay
of amplitudes with increasing distance from the interface).

The quantity ξ in equation (11) can be determined from the specification of the incident
wave, see equation (7):

ξ =
1

2
Q−1

1 X1 + β1DmiNi . (15)

The quantity ξ may be positive or negative. It is zero for the attenuation vector A
perpendicular to the normal to the interface N, see the the third of equations (11). From
the same equation, we can deduce that ξ ≥ 0 for γ ≥ i−90◦, where γ is the inhomogeneity
angle, i.e., the angle between vectors P and A, and i is the incidence angle. For γ < i−90◦,
the quantity ξ is negative, ξ < 0.

The quantity ξ(t) can be determined by inserting vectors P
(t)
i and A

(t)
i from equation

(12) to the last of equations (5). From an inspection of equation (12), it is obvious
that its separation on the propagation and attenuation vector is different for subcritical
and overcritical incidence in the reference elastic medium. It is due to the behaviour
of the term X2, and also ξ(t). Substitution of vectors P

(t)
i and A

(t)
i from equation (12)

with the real-valued ξ(t) to the last of equations (5) for the overcritical incidence leads to
unacceptable results. Thus the term ξ(t), which has a character of a directional cosine as
X2, must be considered imaginary:

ξ(t) = iξ̄(t) , (16)

where ξ̄(t) is a real-valued quantity.

Let us now specify equation (12) for the subcritical and overcritical incidence sepa-
rately.

For the subcritical incidence, equation (12) yields

P
(t)
i = Pi −Niβ

−1
1 X1 + Niβ

−1
2 X2 , A

(t)
i = Ai −Niβ

−1
1 ξ + Niβ

−1
2 ξ(t) . (17)

The first two terms on the right-hand sides of expressions for P(t) and A(t) represent
components of these vectors tangent to the interface. The last terms represent components
perpendicular to the interface. The term X2 in the first of equations (17) is given in
equation (13). The term ξ(t) in the second of equations (17) can be determined from the
substitution of the propagation and attenuation vectors from equation (17) to the last of
equations (5). For ξ(t), we get

ξ(t) =
1

2
ZX−1

2 , (18)
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where
Z = Q−1

2 − r2Q−1
1 + 2X1r

2ξ , (19)

and r = β2/β1. From equation (18) we can immediately see that ξ(t) is singular for the
critical incidence, for which X2 = 0. Thus, we must expect that in the vicinity of the
critical point, ξ(t) will be determined inaccurately. Again, as Krebes and Daley (2007)
point out, this is, however, not a serious problem since the ray theory itself does not yield
correct results in this region anyway.

Since X2 is always positive in the subcritical region, see equation (13), the propagation
vector of the transmitted wave in equation (17) always points to the halfspace where the
transmitted wave propagates. The term ξ(t) controlling the vertical component of the
attenuation vector, which has a character of perturbation, may, however, attain both
positive or negative value. It means that the attenuation vector may point to any of the
two halfspaces.

For the overcritical incidence, taking into account equations (14) and (16), equation
(12) yields

P
(t)
i = Pi −Niβ

−1
1 X1 −Niβ

−1
2 ξ̄(t) , A

(t)
i = Ai −Niβ

−1
1 ξ + Niβ

−1
2 X̄2 . (20)

As in case of the subcritical incidence, the first two terms on the right-hand sides of ex-
pressions for P(t) and A(t) represent components of these vectors tangent to the interface.
The last terms represent components perpendicular to the interface. The term X̄2 is given
in equation (14). The term ξ̄(t) can be again determined from the last of equations (5)
with P(t) and A(t) inserted from equations (20). This leads to the following expression
for ξ̄(t):

ξ̄(t) = −1

2
ZX̄−1

2 , (21)

where Z is given in equation (19) and X̄2 in equation (14). Equation (21), similarly as
equation (18), is inaccurate in the vicinity of the critical incidence in the reference elastic
medium since X̄2 → 0 when the critical incidence is approached.

From equation (20), we can see that for the overcritical incidence, the attenuation
vector points always to the halfspace, in which transmitted wave propagates since X̄2

is always positive, see equation (14). The vertical component of the propagation vector
is, in this case, controlled by the perturbation term ξ̄(t), which may be both positive or
negative. This means that the propagation vector may point to any of the two halfspaces.

From the above equations, we can see that important role in the determination of
vertical components of the slowness vector of the wave transmitted in a weakly attenuative
medium is played by the term Z appearing in equations (18) and (21). For a homogeneous
wave incident from the upper halfspace, for which ξ = 1

2
Q−1

1 X1, the term Z reduces to

Z = Q−1
2 − Q−1

1 β2
2p

2. The term Z controls the orientation of the attenuation vector of
the transmitted wave with respect to the reflector for the subcritical incidence and of
the propagation vector with respect to the reflector for the overcritical incidence. If, for
example, attenuation in the upper halfspace is weaker than in the bottom halfspace, and
the angle of incidence i is i ≤ γ + 90◦, the above term is positive. Consequently, the
attenuation vector in the subcritical region and the propagation vector in the overcritical
region point to the lower halfspace. The described situation corresponds to the case, for
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which Krebes and Daley (2007) observed no phase discrepancies problems. According to
Krebes and Daley (2007), problems arise when the attenuation in the upper halfspace is
larger than in the lower halfspace. In such a case, the term Z is negative if i > γ + 90◦.
In such a case, the attenuation vector of the transmitted wave in the subcritical region
and the propagation vector in the overcritical region may point to the upper halfspace.
It is important to note that vertical components of both vectors represent a perturbation
(from the elastic reference) and are, therefore, considered small. In case of the attenuation
vector, its horizontal component is also small and thus the resulting attenuation vector
may deviate from horizontal considerably. In case of the propagation vector, the deviation
caused by the above term is negligible because its horizontal component is generally
not small. The fact that the propagation vector points to the first halfspace might be
surprising. It, however, does not mean that the mean-energy flux vector points to the
first-halfspace. As shown by Borcherdt (1977) and discussed by Krebes (1983), the mean-
energy flux vector lies, generally, between the propagation P and attenuation A vectors,
and, thus, the propagation vector may point, slightly, to the upper halfspace. A similar
phenomenon is known from the reflection/transmission problem in anisotropic elastic
media, in which the slowness vector of transmitted wave may point to the upper halfspace,
but the energy flux vector is tangent to the interface, see, for example, Henneke (1972).

Reflection coefficient

Using the results of previous sections, equations (1) can be rewritten into the following
form:

R =
A−B

A + B
, T =

2A

A + B
. (22)

In equations (22),

A = ρ1β
2
1(1 − iQ−1

1 )(Pi + iAi)Ni , B = ρ2β
2
2(1 − iQ−1

2 )(P
(t)
i + iA

(t)
i )Ni . (23)

Propagation and attenuation vectors, P and A, related to the incident wave are given in
equation (7). Propagation and attenuation vectors, P(t) and A(t), related to the trans-
mitted wave are given in equation (17) for the subcritical and in equation (20) for the
overcritical incidence in the reference elastic medium.

If attenuation is the same in both halfspaces (Q1 = Q2 = Q), equation (22) simplifies
because the term (1 − iQ−1) cancels out. It is necessary to note, however, that for
an incident homogeneous wave, equation (22) does not reduce to the expression for the
coefficient of reflection at an interface separating elastic halfspaces as predicted by Krebes
(1983) and to the first order in Q−1 by Buchen (1971). Further approximations are
necessary to reach this state, see below.

If media on both sides of the interface are elastic and the incident wave is homogeneous,
equation (23) reduces to equation (1) for elastic media. In this case, Q−1

1 and Q−1
2 are

zero and due to the homogeneity of the incident wave, ξ, ξ(t) and ξ̄(t) are zero too.

Equation (22) can be rewritten into the form of the sum of the coefficient for a reference
elastic medium plus the correction related to the weak attenuation, see Buchen (1971,
eq.8.1). This process is, however, connected with a certain loss of accuracy. The simplified
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reflection coefficient reads
R = Rel + ∆R . (24)

In equation (24), Rel represents the reflection coefficient for the reference elastic medium,
and ∆R is the correction due to weak attenuation.

For the subcritical incidence Rel and ∆R read:

Rel =
ρ1β1X1 − ρ2β2X2

ρ1β1X1 + ρ2β2X2

(25)

and

∆R = 2iρ1β1ρ2β2

X2(ξ −Q−1
1 X1) − 1

2
X1(ZX−1

2 − 2Q−1
2 X2)

(ρ1β1X1 + ρ2β2X2)2
. (26)

For the overcritical incidence Rel and ∆R read:

Rel =
(ρ1β1X1)

2 − (ρ2β2X̄2)
2 − 2iρ1β1ρ2β2X1X̄2

(ρ1β1X1)2 + (ρ2β2X̄2)2
(27)

and

∆R = 2Relρ1β1ρ2β2

X̄2(Q
−1
1 X1 − ξ) − 1

2
X1(2Q

−1
2 X̄2 + ZX̄−1

2 )

(ρ1β1X1)2 + (ρ2β2X̄2)2
. (28)

If attenuation is the same on both sides of the interface (Q1 = Q2 = Q) and the incident
wave is homogeneous (ξ = 1

2
Q−1X1, ξ(t) = 1

2
Q−1X2, ξ̄(t) = 1

2
Q−1X̄2), the nominators

in equations (26) and (28) vanish and equations (24) to (28) confirm Buchen’s (1971)
statement that “when Q is the same for both media, the waves display properties similar
to the case of perfect elasticity”.

The term ∆R also vanishes when the medium is elastic and the involved waves are
homogeneous, i.e., when Q−1

1 = Q−1
2 = ξ = ξ(t) = 0.

Numerical examples

In this section we present examples of the use of formulae derived in previous sections.
We use models M1, M2 and M3 used by Brokešová and Červený (1998).

We first concentrate on models M2 and M3 because they are characterized by attenu-
ation, which might be considered weak. Both models have the same S-wave velocities and
densities, β1 = 3.698 and β2 = 4.618km/s, ρ1 = 2.98 and ρ2 = 3.3kg/m3. The models
differ by the values of the quality factors Q in halfspaces. In the more realistic (Q1 < Q2)
model M2, Q1 = 50 and Q2 = 75, in the model M3, the quality factors are interchanged,
Q1 = 75 and Q2 = 50. Greater velocities in the bottom halfspace than in the upper halfs-
pace result in the existence of the critical point at approximately 52◦. Another important
phenomenon is the Brewster angle at approximately 43◦, at which the modulus of the
reflection coefficient in the reference elastic medium vanishes (the term Brewster angle is
taken from electromagnetics, see, e.g., Born and Wolf, 1959). Attenuation in the model
M1 of Brokešová and Červený, (1998) cannot be considered weak. The quality factors are
Q1 = 13, Q2 = 22 and velocities and densities are β1 = 1.44, β2 = 2.08km/s, ρ1 = 2.0 and
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ρ2 = 2.0kg/m3. We use the model M1 to illustrate the limits of the proposed approach.
Critical angle in the reference elastic model is at approximately 44◦, the Brewster angle
is at approximately 35◦.

Figures 1 and 2 and illustrate behaviour of the term Z in models M3 and M2. Both
figures show the term Z corresponding to incident inhomogeneous waves with inhomo-
geneity angles γ = −30◦ (top) and γ = 30◦ (bottom), and to incident homogeneous wave
in the middle. In Figure 1, we can see that Z is prevailingly positive. For the subcritical
incidence for all three considered incident waves Z > 0. This means that the attenuation
vector of the transmitted wave always points to the lower halfspace. For the overcritical
incidence, only inhomogeneous wave with γ = −30◦ has Z < 0, which means that

 

Figure 1: Factor Z, see equation (19), as a function of the incidence angle for incident
homogeneous wave (middle) and inhomogeneous waves with γ = −30◦ (top) and γ = 30◦

(bottom) for model M3 (Q1 > Q2).
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propagation vector of the transmitted wave in this case points to the upper halfspace. In
Figure 2, situation is different. In this case, Z < 0 prevailingly. Z < 0 for overcritical
incidence of all three considered incident waves, and even for a part of the subcritical
incidence. This means that in this case we must expect not only the propagation vectors
of the transmitted wave for the overcritical incidence, but also the attenuation vectors of

 

Figure 2: Factor Z, see equation (19), as a function of the incidence angle for incident
homogeneous wave (middle) and inhomogeneous waves with γ = −30◦ (top) and γ = 30◦

(bottom) for model M2 (Q1 < Q2).

the transmitted wave pointing to the upper halfspace. This is confirmed in the following
figures.

In Figures 3 and 4, we can see the orientation and relative size of propagation and
attenuation vectors of the transmitted wave generated by the incidence of homogeneous
and two inhomogeneous waves. Red colour is used for the propagation vector, green colour
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for the attenuation vector. The vectors are determined from equations (17) and (20). The
three inhomogeneity angles of incident wave are γ = −30◦ (top), γ = 0◦ (middle) and
γ = 30◦ (bottom). The incidence angles i vary from 0◦ to 80◦, with the step of 10◦. The
attenuation vector is very weak in the subcritical region. Therefore, it is amplified there
100 ×.

In Figure 3, we can see the results for the model M3. This is a model, which Krebes
and Daley (2007) characterize as a model without phase discrepancies. This model, with
Q1 > Q2 is, however, not very realistic (usually higher impedance implies higher Q). We
can see that behaviour of propagation and attenuation vectors is quite regular. Both
vectors seem to point to the lower medium or be parallel to the interface. In fact, the
propagation vector of the inhomogeneous wave with γ = −30◦ points slightly to the upper
halfspace, as indicated in the top frame of Figure 1, but its vertical component is only
a small perturbation, and thus it is invisible in Figure 3. The middle frame of Figure
3 confirms well-known fact (see, e.g., Červený, 2007) that a homogeneous wave incident
at an interface separating attenuative media generates inhomogeneous waves. In the top
frame, we can see that, on the contrary, incident inhomogeneous wave may generate a
homogeneous wave. It is, however, an exceptional case.

 

Figure 3: Propagation (red) and attenuation (green; amplified in the subcritical region)
vectors of the transmitted wave generated by the incident homogeneous (middle) and
inhomogeneous (top γ = −30◦ and bottom γ = 30◦) waves in the model M3 of Brokešová
and Červený (1998) (Q1 > Q2): β1 = 3.698, β2 = 4.618km/s, ρ1 = 2.98, ρ2 = 3.3kg/m3,
Q1 = 75, Q2 = 50.
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In Figure 4 results for the more realistic model M2 with Q1 < Q2 are presented. For
the negative inhomogeneity angle (the top frame) of the incident wave and even for some
angles of incidence of homogeneous incident wave, we can see that the attenuation vector
of the transmitted wave in the subcritical region points to the upper halfspace (Richards,
1984). The propagation vector of the transmitted wave points to the lower halfspace
in this case. For the overcritical incidence, the attenuation vector points to the lower
halfspace, but it is not exactly perpendicular to the interface as it would be in the elastic
case. The propagation vector in all three frames is not strictly tangent to the interface
as it would be in the elastic case. As in the top frame of Figure 3, it slightly deviates
from the horizontal direction and points to the upper halfspace. Let us mention that this
somewhat surprising observation has already been made by Krebes (1983).

 

Figure 4: Propagation (red) and attenuation (green; amplified in the subcritical region)
vectors of the transmitted wave generated by the incident homogeneous (middle) and
inhomogeneous (top γ = −30◦ and bottom γ = 30◦) waves in the model M2 of Brokešová
and Červený (1998) (Q1 < Q2): β1 = 3.698, β2 = 4.618km/s, ρ1 = 2.98, ρ2 = 3.3kg/m3,
Q1 = 50, Q2 = 75).

In the following figures we concentrate on SH reflection and transmission coefficients
in models M3, M2 and M1 for incident homogeneous and inhomogeneous waves. For com-
parison and estimates of accuracy, we use coefficients calculated with formulae of Daley
and Krebes (2015), see Figure 5, and with the RTCOEF code, which is a generalization of
COEF52 code described in Brokešová and Červený (1998). In certain situations, the code
may generate obviously incorrect phases. We simply ignore such results. Modulus (top
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frame) and (phase) of the SH reflection coefficient corresponding to the incident homo-
geneous wave in the model M3 can be seen in Figure 5. Green dashed curves correspond
to the modulus and phase calculated from formulae of Daley and Krebes (2015). Curves
obtained by formulae (22) with (23) are red dotted. For comparison, we also show the
modulus and phase corresponding to the reference elastic medium (black solid curve). We
can see a perfect coincidence of approximate and reference phases in the subcritical and
overcritical regions. Approximate modulus fits the reference one perfectly in the whole

 

Figure 5: Comparison of moduli (top) and phases (bottom) of the SH-SH plane-wave
reflection coefficient in the model M3 (Q1 > Q2) of Brokešová and Červený (1998). Elastic
reference (solid black), Daley and Krebes (2015) (dashed green), formulae (22) and (23)
of this paper (dotted red). Incident homogeneous wave.
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subcritical region. However, it starts to deviate behind the critical angle, up-to 65◦.
Then both moduli again coincide. As observed already in the past, attenuation smoothes
the curves corresponding to the elastic case. This smoothing also includes the vicinity of
the Brewster angle. Due to this smoothing, modulus of the reflection coefficient in the
anelastic medium is non-zero (although only slightly).

In Figure 6, the same results as in Figure 5 are shown, but for the model M2. Let us
remind that attenuation is higher in the halfspace 1 in the model M2, i.e., we are dealing

 

Figure 6: Comparison of moduli (top) and phases (bottom) of the SH-SH plane-wave
reflection coefficient in the model M2 (Q1 < Q2) of Brokešová and Červený (1998). Elastic
reference (solid black), Brokešová and Červený (1998) (dashed green), formulae (22) and
(23) of this paper (dotted red). Incident homogeneous wave.
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with a more realistic model. This model represents the case, in which phase distortions
may occur (Krebes and Daley, 2007). We can see that the approximate (red dotted)
and reference (green dashed) moduli coincide perfectly. The same is true for the phase.
Vertical red line at approximately 51◦ in the phase frame is an artefact caused by the
singularity of the approximate formula at the critical incidence in the reference elastic
medium. We can conclude that for the more realistic model M2, the perturbation approach
yields even better results than for the model M3.

In Figure 7, we show, again for the more realistic model M2, the modulus (top) and

 

Figure 7: Comparison of moduli (top) and phases (bottom) of the SH-SH plane-wave
transmission coefficient in the model M2 (Q1 < Q2) of Brokešová and Červený (1998).
Elastic reference (solid black), Brokešová and Červený (1998) (dashed green), formulae
(22) and (23) of this paper (dotted red). Incident homogeneous wave.
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phase (bottom) of the transmission coefficient. Except minor deviations in the vicinity
of critical incidence, we can observe a perfect fit of the approximate (red dotted) and
reference (green dashed) results.

The effect of inhomogeneity of the incident wave on the reflection coefficient is illus-
trated in Figures 8 and 9. Moduli (top) and phases (bottom) of SH reflection coefficients
for positive inhomogeneity angles of incident waves are shown in Figure 8, and for neg-

 

Figure 8: Comparison of moduli (top) and phases (bottom) of the SH-SH plane-wave
reflection coefficient in the model M2 (Q1 < Q2) of Brokešová and Červený (1998) for
varying inhomogeneity of the incident wave: γ = 20◦, γ = 40◦ and γ = 60◦. Brokešová
and Červený (1998) (green), formulae (22) and (23) of this paper (red).
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ative angles in Figure 9. Approximate (red dotted) results are again compared with the
reference (green dashed) results generated by the RTCOEF code. In Figure 8, inhomo-
geneity angles 20◦, 40◦ and 60◦ are considered. We can see that for the moduli, the
approximate results for the angle 20◦ deviate from the reference results in only a very
small vicinity of the critical incidence. For the inhomogeneity angle 40◦, the vicinity still
does not exceed ∼ 5◦ of the incidence angle. For the inhomogeneity angle 60◦ it extends

 

Figure 9: Comparison of moduli (top) and phases (bottom) of the SH-SH plane-wave re-
flection coefficient in the model M2 (Q1 < Q2) of Brokešová and Červený (1998) for vary-
ing inhomogeneity of the incident wave: γ = −20◦, γ = −40◦ and γ = −60◦. Brokešová
and Červený (1998) (green), formulae (22) and (23) of this paper (red).

130



significantly. We are obviously behind the limit of applicability of the approximation.
For the phases, we can observe a perfect fit even for the inhomogeneity angle 60◦. As to
phases, we can make a similar observation for negative inhomogeneity angles -20◦, -40◦

and -60◦, see Figure 9. For moduli, we have a very good fit for the inhomogeneity angle
-20◦. For the inhomogeneity angle -40◦, the approximate value of the modulus exceeds 1

 

Figure 10: Comparison of moduli (top) and phases (bottom) of the SH-SH plane-wave
reflection coefficient in the model M1 (Q1=13, Q2=22) of Brokešová and Červený (1998).
Elastic reference (solid black), Brokešová and Červený (1998) (dashed green), formulae
(22) and (23) of this paper (dotted red). Incident homogeneous wave.
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for larger angles of incidence. The angle -60◦ is obviously behind the limit of applicability
of the approximation.

In Figure 10, we use model M1 of Brokešová and Červený, (1998) whose attenuation
cannot be considered weak. We compare again the approximate results (red dotted) with
the reference obtained from the RTCOEF code (green dashed) and the results for the
elastic case (black solid). We can see that even for such low Q’s (Q1=13, Q2=22), the
approximate modulus and phase fit the reference one very well as it is the case in more
realistic model M2 (Q1 < Q2).

Conclusions

We used the weak-attenuation concept, within which attenuation is considered to be
a perturbation of the reference elastic state, for the approximate evaluation of SH-wave
reflection and transmission coefficients. Fixed frequency was considered. Basic role in such
a study is played by slowness vectors. Complex-valued slowness vectors of the incident and
transmitted waves satisfy (i) corresponding approximate eikonal equations and (ii) Snell’s
law. The radiation condition, which is usually used as the third condition, which must be
satisfied, is already satisfied in the reference elastic medium. With the above conditions
satisfied, the slowness vector of the transmitted wave has the following properties. For
the subcritical incidence in the reference elastic upper halfspace, the propagation vector
points to the medium below the interface while the attenuation vector may point to both
sides of the interface. For the overcritical incidence in the reference elastic medium, the
attenuation vector points below the interface and the propagation vector may point to
both sides of the interface. The corresponding reflection and transmission coefficients
satisfy the “continuity” criterium, i.e., with decreasing attenuation they converge to the
reflection and transmission coefficients of waves reflected and transmitted at an interface
between elastic media.

Presented approach does not require the selection of the sign of the vertical compo-
nent of the slowness vector of the transmitted wave, which caused problems in previous
studies. On the other hand, the approach yields distorted results in a vicinity of the
critical incidence in the reference elastic medium. Extent of this vicinity increases with
decreasing values of Q and more rapidly with increasing inhomogeneity of the incident
wave. Preliminary results seem to indicate that the proposed approach is applicable to
media with quality factors greater or equal to 30. This limit can be shifted to even lower
values of Q if nearly homogeneous or homogeneous incident waves are considered. The
approach yields more accurate results (smaller vicinity of the critical incidence in the
reference elastic medium) for more realistic models, in which Q in the lower halfspace is
higher than in the upper one.

Basic assumption of the proposed approach is validity of the correspondence principle,
which is broadly used, but also often criticized. Comparison of results of the proposed
approach with results of a study, in which the use of the correspondence principle was
not used (Daley and Krebes, 2015), seem to indicate that the use of the correspondence
principle leads to correct results.

The effect of attenuation on the reflection and transmission coefficients seems to be
rather weak, particularly for the subcritical incidence. Thus, it seems that the results of
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studies, in which the effect of attenuation on the reflection and transmission is ignored,
will not differ much from the studies including the effect, especially for the prevailingly
vertical propagation.

Results of this study indicate that a similar procedure could be extended to other types
of waves, P, SV, and media, isotropic and, more importantly, anisotropic, weakly attenu-
ative media. Before the application to anisotropic media, it will be useful and important
to use the presented formulae for the calculation of SH-wave ray synthetic seismograms
in layered, isotropic, weakly attenuative media. Later, the study should be extended to
the calculation of P- and S-wave ray synthetic seismograms, in which slowness vectors
of studied incident waves are no more confined to the plane of incidence. Comparison
of the seismograms with seismograms generated by other, independent methods as, e.g.,
finite differences, can provide important information on the usefulness of the proposed
approach.
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Červený, V., and Pšenč́ık,I., 2011. Boundary attenuation angles for inhomogeneous
plane waves in anisotropic dissipative media. Geophysics, 76, WA51-WA62.

Daley, P.F., and Krebes, E.S., 2015. Anelastic (poroviscoelastic) medium - the SH-
wave problem. J. Seism. Explor., 24, 103–120.

Henneke, E.G., 1972. Reflection-refraction of a stress wave at a plane boundary be-
tween anisotropic media. J. acoust. Soc. Am., 51, 210–216.
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