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Summary

We determine the general form of the rotationally invariant constitutive tensor of a
bianisotropic medium. In the coordinate system attached to the symmetry axis, the
rotationally invariant constitutive tensor is described by twelve parameters. It is thus
described by four additional parameters in comparison with an uniaxial constitutive
tensor.
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1. Introduction

In this paper, we determine the general form of the rotationally invariant constitutive
tensor of a bianisotropic medium. We suppose that a bianisotropic medium is invariant
with respect to the rotation about a given symmetry axis. We calculate the derivative
of the constitutive tensor with respect to the angle of rotation in Section 3. We put
the derivative equal to zero, and obtain the system of equations for the elements of the
constitutive tensor.

We express and solve these equations in the coordinate system attached to the
symmetry axis in Section 4. We then determine the general form of a rotationally
invariant constitutive tensor in general coordinates in Section 5.

We assume Cartesian coordinates with the unit metric tensor. The lower–case
Roman indices take values 1, 2 and 3. The lower–case Greek indices take values 1, 2, 3
and 4. The Einstein summation over repetitive indices is used throughout the paper.

2. Frequency–domain constitutive relations

We assume the constitutive relations in the Boys–Post representation which express the
dependence of the electric displacement Dj and magnetic field strength Hj on electric
field strength Ej and magnetic induction Bj . In this paper, we consider just the linear
constitutive relations in the Boys–Post representation.

The linear point constitutive relations without spatial dispersion but with possible
time dispersion can be expressed in the frequency domain as (Weiglhofer, 2000, eq. 1.12;
2003, eq. 57)

Di = εijEj + αi
jB

j , (1)

and (Weiglhofer, 2000, eq. 1.13, 2003, eq. 58)

Hi = β
j

i Ej + µ−1

ij Bj . (2)
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Electric field strength Ej, magnetic induction Bj, electric displacement Dj , magnetic
field strength Hj , permittivity tensor εij , inverse permeability tensor µ−1

ij , and mag-
netoelectric tensors αi

j and β
j

i may depend on spatial coordinates xm and circular
frequency ω.

We define constitutive tensor χαβγδ (Post, 1962, eq. 6.12; 2003, eq. 27; Hehl &
Obukhov, 2003, eq. D.1.9) by relations

χ4i4j = −χi44j = −χ4ij4 = χi4j4 = −εij , (3)

χij4k = −χijk4 = εijrβ k
r , (4)

χ4ikl = −χi4kl = −αi
sε

skl (5)

and

χijkl = εijrµ−1

rs εskl . (6)

The constitutive tensor is skew with respect to its first pair of superscripts,

χαβγδ = −χβαγδ , (7)

and its last pair of superscripts,

χαβγδ = −χαβδγ , (8)

and thus has 36 independent components. Analogously to Voigt notation in elasticity,
the constitutive tensor can be expressed as the 6×6 constitutive matrix. The 36 distinct
components of the constitutive tensor read

χαβγδ =

















41 42 43 23 31 12

41 −ε11 −ε12 −ε13 −α1
1

−α1
2

−α1
3

42 −ε21 −ε22 −ε23 −α2
1

−α2
2

−α2
3

43 −ε31 −ε32 −ε33 −α3
1

−α3
2

−α3
3

23 β 1
1

β 2
1

β 3
1

µ−1

11
µ−1

12
µ−1

13

31 β 1
2 β 2

2 β 3
2 µ−1

21
µ−1

22
µ−1

23

12 β 1
3

β 2
3

β 3
3

µ−1

31
µ−1

32
µ−1

33

















, (9)

see Post (1962, eq. 6.21). Constitutive relations (1) and (2) then can be expressed as















−D1

−D2

−D3

H1

H2

H3















=

















41 42 43 23 31 12

41 χ4141 χ4142 χ4143 χ4123 χ4131 χ4112

42 χ4241 χ4242 χ4243 χ4223 χ4231 χ4212

43 χ4341 χ4342 χ4343 χ4323 χ4331 χ4312

23 χ2341 χ2342 χ2343 χ2323 χ2331 χ2312

31 χ3141 χ3142 χ3143 χ3123 χ3131 χ3112

12 χ1241 χ1242 χ1243 χ1223 χ1231 χ1212































E1

E2

E3

B1

B2

B3















, (10)

see Post (1962, eq. 6.21).
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3. Derivative of the constitutive tensor with respect to the angle of rotation

Transformation matrix Rin(ϕ, ta) corresponding to the rotation of vectors about a given
unit vector ta by angle ϕ is an orthogonal matrix, with Rin(0, ta) = δin, where Kronecker
delta δin represents the elements of the identity matrix, see Klimeš (2016, eq. 4). The
derivative of the transformation matrix at ϕ = 0 reads

dRin

dϕ
(0, ta) = −Sin , (11)

where
Sin = εinrtr (12)

(Klimeš, 2016, eq. 3). Here εijk is the Levi–Civita symbol.
The rotated parts of the constitutive tensor read

χ4j4l(ϕ, ta) = Rjq(ϕ, tb) Rls(ϕ, td) χ4q4s , (13)

χij4l(ϕ, ta) = Rip(ϕ, ta) Rjq(ϕ, tb) Rls(ϕ, td) χpq4s , (14)

χ4jkl(ϕ, ta) = Rjq(ϕ, tb) Rkr(ϕ, tc) Rls(ϕ, td) χ4qrs , (15)

χijkl(ϕ, ta) = Rip(ϕ, ta) Rjq(ϕ, tb) Rkr(ϕ, tc) Rls(ϕ, td) χpqrs , (16)

where χαβγδ without arguments is the non–rotated constitutive tensor. Rotated
constitutive tensor χαβγδ(ϕ, ta) obviously satisfies relations (7)–(8) and can be expressed
in the form of the 6×6 constitutive matrix.

The derivative dχαβγδ

dϕ
(0, ta) of constitutive tensor χαβγδ(ϕ, ta) with respect to

the angle ϕ of rotation at ϕ = 0 follows directly from transformation (13)–(16) with
derivative (11),

dχ4j4l

dϕ
(0, ta) = −Sjnχ4n4l − Slnχ4j4n , (17)

dχij4l

dϕ
(0, ta) = −Sinχnj4l − Sjnχin4l − Slnχij4n , (18)

dχ4jkl

dϕ
(0, ta) = −Sjnχ4nkl − Sknχ4jnl − Slnχ4jkn , (19)

dχijkl

dϕ
(0, ta) = −Sinχnjkl − Sjnχinkl − Sknχijnl − Slnχijkn . (20)

The derivative dχαβγδ

dϕ
(0, ta) of constitutive tensor χαβγδ(ϕ, ta) obviously satisfies rela-

tions (7)–(8) and can be expressed in the form of the 6×6 matrix, analogously to the
constitutive matrix.

We put dχαβγδ

dϕ
(0, ta) = 0, and obtain the system of equations

Sjnχ4n4l + Slnχ4j4n = 0 (21)

Sinχnj4l + Sjnχin4l + Slnχij4n = 0 , (22)

Sjnχ4nkl + Sknχ4jnl + Slnχ4jkn = 0 , (23)

Sinχnjkl + Sjnχinkl + Sknχijnl + Slnχijkn = 0 , (24)

for the rotationally invariant non–symmetric constitutive tensor.
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4. Coordinate system attached to the symmetry axis

We choose the coordinate system which third coordinate axis coincides with the
symmetry axis. In this coordinate system, the symmetry vector reads

ta = (0, 0, 1) . (25)

Matrix (12) then takes form

Sia =





0 1 0
−1 0 0
0 0 0



 . (26)

The individual addends on the right–hand side of equation (21) then read

Sinχ4n4k =





41 42 43

41 χ4241 χ4242 χ4243

42 −χ4141 −χ4142 −χ4143

43 0 0 0



 , (27)

Sknχ4i4n =





41 42 43

41 χ4142 −χ4141 0

42 χ4242 −χ4241 0

43 χ4342 −χ4341 0



 , (28)

and equation (21) reads




χ4142 + χ4241 χ4242 − χ4141 χ4243

χ4242 − χ4141 −χ4142 − χ4241 −χ4143

χ4342 −χ4341 0



 = 0 . (29)

We see that

χ4143 = 0 , χ4243 = 0 , χ4341 = 0 , χ4342 = 0 ,

χ4242 = χ4141 , χ4241 = −χ4142 . (30)

The individual addends on the right–hand side of equation (22) read

Sinχnj4l =





41 42 43

23 χ3141 χ3142 χ3143

31 0 0 0

12 0 0 0



 , (31)

Sjnχin4l =





41 42 43

23 0 0 0

31 −χ2341 −χ2342 −χ2343

12 0 0 0



 , (32)

Slnχij4n =





41 42 43

23 χ2342 −χ2341 0

31 χ3142 −χ3141 0

12 χ1242 −χ1241 0



 , (33)

and equation (22) reads




χ2342 + χ3141 χ3142 − χ2341 χ3143

χ3142 − χ2341 −χ2342 − χ3141 −χ2343

χ1242 −χ1241 0



 = 0 . (34)
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We see that

χ2343 = 0 , χ3143 = 0 , χ1241 = 0 , χ1242 = 0 ,

χ3142 = χ2341 , χ3141 = −χ2342 . (35)

The individual addends on the right–hand side of equation (23) read

Sjnχ4nkl =





23 31 12

41 χ4223 χ4231 χ4212

42 −χ4123 −χ4131 −χ4112

43 0 0 0



 , (36)

Sknχ4jnl =





23 31 12

41 χ4131 0 0

42 χ4231 0 0

43 χ4331 0 0



 , (37)

Slnχ4jkn =





23 31 12

41 0 −χ4123 0

42 0 −χ4223 0

43 0 −χ4323 0



 , (38)

and equation (23) reads




χ4223 + χ4131 χ4231 − χ4123 χ4212

χ4231 − χ4123 −χ4131 − χ4223 −χ4112

χ4331 −χ4323 0



 = 0 . (39)

We see that

χ4112 = 0 , χ4212 = 0 , χ4323 = 0 , χ4331 = 0 ,

χ4231 = χ4123 , χ4223 = −χ4131 . (40)

The individual addends on the right–hand side of equation (24) read

Sinχnjkl =





23 31 12

23 χ3123 χ3131 χ3112

31 0 0 0

12 0 0 0



 , (41)

Sjnχinkl =





23 31 12

23 0 0 0

31 −χ2323 −χ2331 −χ2312

12 0 0 0



 , (42)

Sknχijnl =





23 31 12

23 χ2331 0 0

31 χ3131 0 0

12 χ1231 0 0



 , (43)

Slnχijkn =





23 31 12

23 0 −χ2323 0

31 0 −χ3123 0

12 0 −χ1223 0



 , (44)
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and equation (24) reads




χ3123 + χ2331 χ3131 − χ2323 χ3112

χ3131 − χ2323 −χ2331 − χ3123 −χ2312

χ1231 −χ1223 0



 = 0 . (45)

We see that

χ2312 = 0 , χ3112 = 0 , χ1223 = 0 , χ1231 = 0 ,

χ3131 = χ2323 , χ3123 = −χ2331 . (46)

Considering conditions (30), (35), (40) and (46), we observe that constitutive matrix
(9) which is rotationally invariant about symmetry vector ta = (0, 0, 1) takes form

χαβγδ =

















41 42 43 23 31 12

41 −ε −ε̆ 0 −α −ᾰ 0

42 ε̆ −ε 0 ᾰ −α 0

43 0 0 −(ε + ε̃) 0 0 −(α + α̃)

23 β β̆ 0 µ−1 µ̆−1 0

31 −β̆ β 0 −µ̆−1 µ−1 0

12 0 0 β + β̃ 0 0 µ−1+ µ̃−1

















(47)

specified by 12 parameters.
Constitutive matrix (47) may be non–symmetric. For example, for natural optical

activity β 6= −α (Post, 2003, table 3), and for Faraday effect ε̆ 6= 0 (Post, 2003, table 4).

A rotationally invariant medium is referred to as uniaxial if ε̆ = 0, ᾰ = 0, β̆ = 0
and µ̆−1 = 0. The constitutive matrix (47) then reads

χαβγδ =

















41 42 43 23 31 12

41 −ε 0 0 −α 0 0

42 0 −ε 0 0 −α 0

43 0 0 −(ε + ε̃) 0 0 −(α + α̃)

23 β 0 0 µ−1 0 0

31 0 β 0 0 µ−1 0

12 0 0 β + β̃ 0 0 µ−1+ µ̃−1

















. (48)

The constitutive matrix of an uniaxial bianisotropic electromagnetic medium may be
non–symmetric, whereas the stiffness matrix of an uniaxial (transversely isotropic)
viscoelastic medium is symmetric.

A biisotropic medium is invariant with respect to rotations about all three co-
ordinate axes. If we imagine the constitutive matrices analogous to matrix (47) but
corresponding to symmetry vectors ta = (1, 0, 0) and ta = (0, 1, 0), we immediately see
that the constitutive matrix of a biisotropic medium reads

χαβγδ =

















41 42 43 23 31 12

41 −ε 0 0 −α 0 0

42 0 −ε 0 0 −α 0

43 0 0 −ε 0 0 −α

23 β 0 0 µ−1 0 0

31 0 β 0 0 µ−1 0

12 0 0 β 0 0 µ−1

















. (49)
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The constitutive matrix of a biisotropic electromagnetic medium may be non–sym-
metric, whereas the stiffness matrix of an isotropic viscoelastic medium is symmetric.
For example, a biisotropic electromagnetic medium exhibiting natural optical activity
has a non–symmetric constitutive matrix (Post, 2003, table 3).

5. General form of a rotationally invariant constitutive tensor

We transform the 3×3 submatrices of rotationally invariant constitutive matrix (47) from
the coordinate system attached to the symmetry axis to a general coordinate system,
and obtain the general forms of rotationally invariant 3×3 submatrices of constitutive
matrix (9),

εij = ε δij + ε̃ titj + ε̆ εijrtr , (50)

β
j

i = β δij + β̃ titj + β̆ εijrtr , (51)

αi
j = α δij + α̃ titj + ᾰ εijrtr , (52)

µ−1

ij = µ−1 δij + µ̃−1 titj + µ̆−1 εijrtr , (53)

where Kronecker delta δij represents the elements of the identity matrix and εijk

represents the Levi–Civita symbol.
We insert relations (50)–(53) into definitions (3)–(6) and arrive at

χ4j4l = −ε δjl − ε̃ tjtl − ε̆ εjlrtr , (54)

χij4l = β εijl + β̃ εijrtr tl + β̆ (δiltj − tiδjl) , (55)

χ4jkl = −α εjkl − α̃ tj εklrtr − ᾰ (δjltk − tlδjk) , (56)

χijkl = µ−1 (δikδjl − δilδjk) + µ̃−1 εijrtrεklsts + µ̆−1 εijrεrsnεskltn . (57)

We may also express the last term of relation (57) in alternative forms,

χijkl = µ−1 (δikδjl − δilδjk) + µ̃−1 εijrtrεklsts + µ̆−1 (εikltj − εjklti) , (58)

or
χijkl = µ−1 (δikδjl − δilδjk) + µ̃−1 εijrtrεklsts + µ̆−1 (εijltk − εijktl) . (59)

6. Conclusions

In the coordinate system which third coordinate axis coincides with the symmetry axis,
the constitutive tensor of a rotationally invariant bianisotropic electromagnetic medium
has form (47). It is described by four additional parameters in comparison with the
constitutive tensor of an uniaxial electromagnetic medium.

In a general coordinate system, the constitutive tensor of a rotationally invariant
bianisotropic electromagnetic medium has form (54)–(57).

Whereas the stiffness tensor of an isotropic viscoelastic medium is symmetric, the
constitutive tensor of a biisotropic electromagnetic medium may be non–symmetric and
may exhibit an optical activity.
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