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Summary

In an elastic medium, it was proved that the stiffness tensor is symmetric with respect to
the exchange of the first pair of indices and the second pair of indices, but the proof does
not apply to a viscoelastic medium. In this paper, we thus derive the representation
theorem for viscoelastic waves with a non–symmetric stiffness matrix.

For the given medium, we define the complementary medium corresponding to the
transposed stiffness matrix. We define the frequency–domain complementary Green
function as the frequency–domain Green function in the complementary medium.
We then derive the provisional representation theorem as the relation between the
frequency–domain wave field in the given medium and the frequency–domain comple-
mentary Green function. This provisional representation theorem yields the reciprocity
relation between the frequency–domain Green function and the frequency–domain
complementary Green function. The final version of the representation theorem is
then obtained by inserting the reciprocity relation into the provisional representation
theorem.
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1. Introduction

The 3×3×3×3 frequency–domain stiffness tensor (elastic tensor, tensor of elastic moduli)
cijkl = cijkl(xm, ω) is symmetric with respect to the first pair of indices

cijkl = cjikl (1)

and with respect to the second pair of indices

cijkl = cijlk . (2)

It is thus frequently expressed in the form of the 6×6 stiffness matrix which lines
correspond to the first pair of indices and columns to the second pair of indices.

In an elastic medium, it was proved that the stiffness tensor is symmetric with
respect to the exchange of the first pair of indices and the second pair of indices,

cijkl = cklij . (3)

The 6×6 stiffness matrix is thus symmetric in an elastic medium.
However, the above mentioned proof does not apply to a viscoelastic medium. In

this paper, we thus derive the representation theorem for viscoelastic waves with a
non–symmetric stiffness matrix,

cijkl 6= cklij . (4)

The lower–case Roman indices take values 1, 2 and 3. The Einstein summation over
repetitive lower–case Roman indices is used throughout the paper.

Seismic Waves in Complex 3–D Structures, 27 (2017), 93–96 (ISSN 2336–3827, online at http://sw3d.cz)

93



2. Green function

2.1. Elastodynamic equation in the time domain

Anisotropic elastodynamic equation for displacement ui(x, t) in the time domain reads
[

cijkl(x) uk,l(x, t)
]

,j
− ̺(x) üi(x, t) + f i(x, t) = 0 , (5)

where ̺(x) is the density and f i(x, t) represents the force density. If the definition
volume for elastodynamic equation (5) is not infinite, we assume homogeneous boundary
conditions (Aki & Richards, 1980, box 2.4).

The 3×3 time–domain Green function for an elastic medium is the solution of
equation

[

cijkl(x) Gkm,l(x,x′, t−t′)
]

,j
− ̺(x) G̈im(x,x′, t−t′) + δi

m δ(x−x′) δ(t−t′) = 0 (6)

with zero initial conditions for t < t′. The partial derivatives are related to variables x

and t.
Taking scalar product of the equation for the Green function with fm(x′, t′) and

integrating over the subset V of the definition volume for elastodynamic equation (5)
containing the support of fm(x′, t′), we see that

ui(x, t) =

∫

V

d3x′ dt′ Gim(x,x′, t−t′) fm(x′, t′) (7)

is the solution of the time–domain elastodynamic equation.

2.1. Viscoelastodynamic equation in the frequency domain

In order to avoid coefficient (2π)−
1

2 at the force density in the frequency–domain, we
consider here Fourier transform (Červený, 2001, eq. A.1.2)

u(ω) =

∫ +∞

−∞

dt u(t) exp(iωt) (8)

without coefficient (2π)−
1

2 .
Anisotropic viscoelastodynamic equation for the displacement in the frequency

domain reads
[

cijkl(x, ω) uk,l(x, ω)
]

,j
+ ω2̺(x) ui(x, ω) + f i(x, ω) = 0 . (9)

If the definition volume for viscoelastodynamic equation (9) is not infinite, we assume
homogeneous boundary conditions (Aki & Richards, 1980, box 2.4).

The frequency–domain Green function for a viscoelastic medium is the solution of
equation

[

cijkl(x, ω) Gkm,l(x,x′, ω)
]

,j
+ ω2̺(x) Gim(x,x′, ω) + δi

m δ(x−x′) = 0 (10)

analytical with respect to the inverse Fourier transform. The partial derivatives are
related to variables x and t.

Taking scalar product of the equation for the frequency–domain Green function
with fm(x′, ω) and integrating over the subset V of the definition volume for viscoelas-
todynamic equation (9) containing the support of fm(x′, ω), we see that

ui(x, ω) =

∫

V

d3x′ Gim(x,x′, ω) fm(x′, ω) (11)

is the solution of the frequency–domain viscoelastodynamic equation.
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3. Representation theorem

Analogously to Kamenetskii (2001. eq. 12), we define complementary medium c̃ijkl(x, ω)
as

c̃ijkl(x, ω) = cklij(x, ω) . (12)

We define the frequency–domain complementary Green function G̃km(x,x′, ω) as the
frequency–domain Green function in the complementary medium,

[

cklij(x, ω) G̃km,l(x,x′, ω)
]

,j
+ ω2̺(x) G̃im(x,x′, ω) + δi

m δ(x−x′) = 0 . (13)

We consider volume V which is the subset of the definition volume for viscoelastody-
namic equation (9) and need not contain the support of force density f i(x, ω). We
multiply the equation for the frequency–domain complementary Green function by
ui(x, ω), subtract the product of the frequency–domain viscoelastodynamic equation
with G̃im(x,x′, ω), and integrate over volume V ,

um(x′, ω) =

∫

V

d3x
{

f i(x, ω) G̃im(x,x′, ω) −
[

cklij(x, ω) G̃km,l(x,x′, ω)
]

,j
ui(x, ω)

+
[

cijkl(x, ω) uk,l(x, ω)
]

,j
G̃im(x,x′, ω)

}

, (14)

which can be expressed as

um(x′, ω) =

∫

V

d3x
{

G̃im(x,x′, ω) f i(x, ω) −
[

G̃im,j(x,x′, ω) cijkl(x, ω)
]

,l
uk(x, ω)

+ G̃im(x,x′, ω)
[

cijkl(x, ω) uk,l(x, ω)
]

,j

}

, (15)

and finally as

um(x′, ω) =

∫

V

d3x
{

G̃im(x,x′, ω) f i(x, ω) −
[

G̃im,j(x,x′, ω) cijkl(x, ω) uk(x, ω)
]

,l

+
[

G̃im(x,x′, ω) cijkl(x, ω) uk,l(x, ω)
]

,j

}

. (16)

We apply the divergence theorem to the integral of the gradient and obtain the
representation theorem in its provisional form

um(x′, ω) =

∫

V

d3x G̃im(x,x′, ω) f i(x, ω)

+

∮

∂V

d2x
[

G̃im(x,x′, ω) nj(x) cijkl(x, ω) uk,l(x, ω)

− G̃im,j(x,x′, ω) cijkl(x, ω) uk(x, ω) nl(x)
]

, (17)

where ni(x) is the unit normal to the surface ∂V of volume V pointing outside volume V .

For f i(x, ω) = δi
n δ(x−x′′) the above equation yields um(x′, ω) = Gmn(x′,x′′, ω).

Integrating over the whole space, we obtain reciprocity relation

Gmn(x′,x′′, ω) = G̃nm(x′′,x′, ω) . (18)
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We insert this reciprocity relation into the above provisional form (17) of the represen-
tation theorem and obtain the final version of the representation theorem

um(x′, ω) =

∫

V

d3x Gmi(x
′,x, ω) f i(x, ω)

+

∮

∂V

d2x
[

Gmi(x
′,x, ω) nj(x) cijkl(x, ω) uk,l(x, ω)

− Gmi,j(x
′,x, ω) cijkl(x, ω) uk(x, ω) nl(x)

]

. (19)

The integral over volume V represents the wave field corresponding to the sources
situated inside volume V . The integral over the surface ∂V of volume V represents the
wave field corresponding to the sources situated outside volume V , and is zero if all
sources are situated inside volume V .
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