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Summary

Weak-anisotropy (WA) parameters turn out to be a useful way of parameterization of
anisotropic media. They represent a generalization of the so-called Thomsen’s parameters,
which were designed for the parameterization of VTT anisotropy, to anisotropic media of
arbitrary symmetry, strength and orientation. In this paper, we present some useful
transformation rules for the WA parameters.

Introduction

Weak-anisotropy (WA) parameters are used in different applications in this Report.
Farra and Psencik (2017) use them for their alternative expressions for reflection moveout
formulae, Jakobsen et al. (2017) use them in the ray-Born inversion, Psencik et al. (2017)
in traveltime inversion.

WA parameters are slightly modified medium parameters introduced by Mensch and
Rasolofosaon (1997), see also Psencik and Gajewski (1998) or Farra and Psencik (2003).
WA parameters represent an alternative to density-normalized elastic parameters A,z
in the Voigt notation or to elements of density-normalized stiffness tensor a;jn. WA
parameters represent a generalization of Thomsen (1986) parameters introduced for VTI
media. WA parameters can, however, be used for description of anisotropy of arbitrary
symmetry, strength and orientation. They are non-dimensional. Their definition requires
introduction of reference P- and S-wave velocities a and  in a reference isotropic medium.

In this contribution, we present several useful transformation relations. First, equa-
tions describing the relation of WA parameters to elements of the 6 x 6 matrix A of
density-normalized elastic moduli in the Voigt notation are presented. Important equa-
tions for the re-definition of WA parameters with respect to new reference velocities are
also shown. Perhaps, the most important are equations describing transformation of WA
parameters from one Cartesian coordinate system to another. They allow to express WA
parameters in a global Cartesian coordinate system in terms of WA parameters in a local,
rotated, coordinate system and corresponding Euler angles.

Transformations of elastic moduli to WA parameters

We use 21 WA parameters for the specification of an arbitrary anisotropic medium.
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The WA parameters are related to the elastic parameters in the Voigt notation, A,gs, in

the following way:

All — Oé2 A22 — C¥2 A33 — 042
6:5 I a—— €y = T a9 EZ I a——
202 Y 20¢2 202
A23 + 2A44 - 042 A13 + 2A55 - 042 A12 + 2A66 - 062
5x = 2 >5y = 2 752 = 2 >
o o o
. Ais . A . Aoy . Ao . Asy . Ass
615—§, 616—?, 624—?, 626—¥7 634—¥, 635—§7
. A14 + 2A56 o A25 + 2A46 o A36 + 2A45
R N T
_1444—@2 _A55—@2 _A66—52
%5—2752; %—27527 %_27,62’
Crn — Ay o — Asg o — Ays (1>
46 = 5 56 — "5 9 45 = 5 -
B2 32 B2

The symbols « and 8 in equations (1)-(3) denote the P- and S-wave velocities of a
reference isotropic medium.

Transformations of WA parameters to elastic moduli

All 2042(1—{—26:5), A22 = 012(1—|—26y), A33 2042(1—|—2€Z),

Agz = o?(1+8,)—26%(1427,), A1z = *(1+43,)—26%(1427,), A1z = o (1+5.)—25*(1+27.),

Ay = 042615, Ay = 042634, Ass = a2€35,
Asg = OézXz - 2526457
Ags = B*(1+ 27v.),

Ays = 52645-

A = 042616, Ay = a2€24, Ay = 042626,
A= a®x, — 28%56,  Ass = a’xy, — 2%€s,
Ay = 52(1 +2v,), Ass = 52(1 + 27y),

Age = 5264& Asg = 52656, (2)

In the matrix form, the above transformation relations from WA parameters to the
density-normalized parameters A,p have the form:

A = Aiso+Aper 7 (3)

where
All Al? A13 A14 A15 A16
A22 A23 A24 A25 A26
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267,
(6)

Transformations of WA parameters for new reference velocities

Let us introduce new reference velocities o and (' instead of original reference ve-
locities @ and 3. WA parameters expressed with respect to primed reference velocities
are distinguished by prime from WA parameters related to non-primed reference veloc-
ities. Let us introduce factors k, and kg defined as ratios of original and new reference
velocities, k, = a/o/, kg = /. Then the transformation rules are:

e, =1/2(k2 — 1) + kles, €, =1/2(k; — 1)+ kle,, € =1/2(k2 —1)+ ke,

O =ki(1+6,)—1, & =k21+6,)—1, O =kX(1+6.)—1,

6,15 = kiem, 6/16 = kiel& 6,24 = k’i€24, 6/26 = /@21626, 634 = ki€34, 655 = ki€357
Xo = KoXar X, =kixy,  Xo = K2X:,
Yo =120k — 1) + kfve, vy =1/2(k5 — 1) + kG, 2% =1/2(k3 — 1) + ks,

2 2 2
6216 = k66467 6%6 = k5656’ 6215 = ]{J5645 . (7)

Transformations of WA parameters
from one Cartesian coordinate system to another

Let us consider two Cartesian coordinate systems, a global one and a local one. All
quantities in the global coordinate system are primed to distinguish them from the quan-
tities in the local coordinate system. The local coordinate system can be chosen as a
coordinate system whose coordinate planes or axes coincide with the symmetry elements
of the considered anisotropy symmetry. The transformation from the local (non-primed)
coordinate system to the global one is controlled by the following 3 x 3 rotation matrix:

Rin Rz Ris
R = Ry Rao Rgg . (8)
R31 Rsy Rss
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The elements of the transformation matrix (8) can be expressed in terms of Euler angles.

21 WA parameters specified in the local coordinate system transform into 21 WA
parameters in the global coordinate system through the equations given below. The
equations below represent an alternative to the transformation rules for the 6 x 6 stiffness
matrix in the Voigt notation proposed by Bond (1943), see also Chapman (2004). The
transformation equations read:

€, = &Ry + EyRilz + e Ry + 0, Ri,Ri; + 5yR%1R%3 +0. R, Ri,

+2x, R Ria Rz + 2x, Ry Ri1 Rz + 2. Ri3 Ri1 Raa
+2€15R:131R13 + 2616R?1R12 + 2624R:132R13 + 2626R11R?2 + 2634R?3R12 + 2635R?3R11

€, = 2Ry, + €, Ry + €. Ryg + 0, R5, R35 + 6, R3, Ry + 0. R5, R3,
+2x, B3 Roa Ras + 2XyR§2R21R23 + 2x: R33 Ro1 Rao
+2€15R§1R23 + 2616RS1R22 + 2624R§2R23 + 2626R21R§2 + 2634R§3R22 + 2635R33321

€, = &Ry + €y Ryy + €. Ry + 0, R Ray + 6, B3y Ry + 0. R, Ry
+2X:UR§1 R3oR33 + 2XyR§2R31R33 + 2XZR§3R31 Rso
+2€15R§1R33 + 2616R§1R32 + 2624R§2R33 + 2626R31R§2 + 2634R§3R32 + 2635R§3R31

0y = 6e, RS, RS, + 6¢, Ro, R3, + 66, R3; Ry
+0,(D3?, 4+ 2Ryy Rog R3g R33) + 6, (D3 + 2Rgy Ry Rz R33) + 6. (D35 + 2Roy Roo R31 R3y)
+2Xo(D12D13 + RorRa1D1i1) + 2xy (D13 D11 + RaoR32D12) + 2x:(D11D1g + RogR3sDi3)
+6€15Ro1 R31 D12 + 6€16R01 R31 D13 + 6€24 Ron 32 D1y
+6€26 Rz R32 D13 + 6€34 Ro3 R33 D11 + 6€35 Roz R33 D1o

8, = 6€, R}, R3; + 6€, k3, R3, + 6¢. Ris R
+0,(D3, 4+ 2R19Rsa Ri3R33) + 6,( D3y + 2Ry Rsg Ri3R31) + 6. (Das + 2Ry Ria Ry R3o)
+2x45(D22Das + R11R31Da1) + 2Xy(DasDay + Ri2R32Da2) + 2X.(Da1 Dag + Ri3R33Do3)
+6€15R11 R31 Doz + 6e16 11 R31 Dag + Geag Ry Rz Doy
+6€26 12 R32 Doz + 6€34 R13R33 D21 + 6€35 R13R33 Do

5; = 6ewa1R§1 + 6€ny2R§2 + 6€zR%3R§3
+6,(D3; + 2R13Roy Ri3 Ro3) + 6y(D§2 + 2R11 Ri3Ro1 Ry3) + 0.(Djs + 2Ry Ros R1a Roy)
+2x4(D32Dss + R11Ro1D31) + 2xy(Ds3 D31 + Ri2Ro2Dso) + 2X.(Ds1Dsg + Ri3Ra3Ds3)
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+6€1511 Ro1 D3g + 6€16R11 Ro1 D33 4 6eaq R12R99 D3y
+6€96 R12 R0 D33 + 6€34 R13R23 D31 + 6€35 R13R23 D32

X, = 6€,RY Ro1 Ry1 + 66, Ry, Ros Rso + 6e, R3 Ros R
+0,(D21D31 + RiaR13D11) + 0y (D32 Doy + Ri1 Ri3D12) + 6.(Ds3Das + Ri1Ri2D13)

+Xo(R11Ri3 D13 + RiyRig D1 + Daa D3z + Doz D3s)
+Xy(Ri2R13D13 + RioR11.D11 + Doz Dy + Doy Dsg)
+X:(Ri3Ri9 D1 + Ri3Ri1 D11 + Da1 D3y + Dy D)

+3€15R11(R31 D32 + Ro1 Do) + 31611 (R31 D33 + Ry Da3)

+3€24 R12(R3a D31 + Roo Do) + 3eas Ri2(R3a D33 + Rao Do3)

+3e34R13(R33 D31 + RazDo1) + €35 Ri3(R33 D3z + RazDog)

X, = 66, B3, Ri1 Rg1 + 6e, R3, Ris Rsp + 6¢. R35 Ri3 Ras
+0.(D11D31 + RagRa3 Doy ) + 0y(D12D3s + Ro1 RogDag) + 6.(D13 D33 + Ro1 RooDas)

+Xa (Ro1Ro3 Doz + Ry Rog Do + D19 D3z + D13 D3)
+xy(Ro2Ra3Das + RosRoy1 Doy + D13D3q + D11 Dss)
+X2(Ra3RooDag + Rz Ry1 Dot + D11 D3y + D12 D)

+3€15Ro1 (R11 D12 + R31D32) + 3€16Ro1 (R11 Dy3 + R31 Ds3)

+3€24 Roa(Ri2 D11 + R3a D31) + 3eas Roa(Ri2 D13 + Raa Dss)

+3€34Ro3(Ri3 D11 + R3zD31) + 3ezs Roz(Ri3Dia + RazDsa)

X, = 66, R3 Roy Ry + 66y R, Roo Rip + 6. R33 Ros Ry3
+0, (D11 D21 + RsaR33D31) + 0,(D12Dag + R31 R33Dsa) + 0, (D13Das + Rs1 R Dss)
+Xo (R31R33 D33 + R31R3a D3y + D12 Doz + D13 Do)
+xy(R32R33 D33 + R3aRa1 D31 + D13Day + D11 Dag)
+X2 (R33R3p D3 + R3zR31 D31 + D11 Doy + Dia Doy )
+3€15R31 (R11 D12 + Rg1 Do) + 3€16R31 (11 D13 + Ra1 Da3)
+3€24 Rz (Ri2 D11 + Roo Do) + 3ea6 Rza (R Di3 + Rao Do3)
+3€34 R33(R13 D11 + RozDo1) + 3ezs Raz(Ri3 Dz + Roz Do)

6/15 = 2€mR?1R31 + 2€yR:132R32 + 2€zR:1$3R33
+0yR12R13 D91 + 0y R11R13D2 4 0, R11 R12Dag
+XoR11(Ri2D2s + Ri3Das) + Xy Ri2(R11 Do + Ri3Das) + x:Ri3(Ri1Da1 + Ri2Dos)
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+615R%1(D22 +2R13R31) + 516R%1(D23 +2R19R31) + 624R%2(D21 + 2R13R39)
+626R%2(D23 +2R11R32) + 6343%3(1)21 + 2R15R33) + 6353%3(1)22 + 2Ry1 Rs3)

€ = QExR%RZl + QEyR:{'QRQQ + QEZR?:}RQS + 0, R19R13D31 + 0y Ri1 Ri3Dso + 0, R11 R12D33

+XoR11(Ri2D32 + Ri3D3s) 4+ xyRi2(R11 D31 + Ri3Ds3) + x:Ri3(Ri1Ds1 + Ri2Dss)
+€15R§1(D32 + 2R13Ra1) + 616R%1(D33 + 2R12Ro1) + 624R%2(D31 + 2R13R92)
+€26R%2<D33 + 2R11 Ra2) + 634R%3(D31 + 2R12Ra3) + 635R%3(D32 + 2R11 Ra3)

€y = 2¢, R Ray + 26, Ray Ray + 26, Ras Rag + 0, Ras Rog D1y + 6, Ro1 Rog D1s + 0, Ry Rao D13

+XaRo1(Ra2D1a + RagDi3) + XyRoa(Ro1 D1y + RazDag) + X2 Ras(Ro1 D1 + R Dio)
+e15R5, (Dig + 2Ro3R31) + €16 R5, (D13 + 2R R31) + €24 R35 (D11 + 2Ra3 R3o)
+€2GR§2(D13 + 2Ry R3s) + 634333(1)11 + 2R Rs3) + 635R%3(D12 + 2R R33)

6/26 = 2€xR§)1R11 + QEnggRu + 26,3333313 + 0y Roo Rog D31 + 0y Ro1 Rog Do 4 6, Ro1 Roa D33

+XoRa1(Ra2D32 + RozDss) + XyRoo(Ro1 D31 + RagDs3) + x:Ra3(Ro1Ds1 + RaaDss)
+€1sR§1(D32 + 2Ry R11) + 616R§1(D33 + 2R90 R11) + 624R32(D31 + 2R3 R12)
+€26R§2<D33 + 2Ro1 Ry2) + 634353(1)31 + 2R90 Ry3) + 635333(1932 + 2R91 Ry3)

€hy = 26, Ro1 Ry, + 2¢,Rog R3y + 2€, Rz Ry + 8, R3p Rs3 D11 + 8y Rs1 Ras D1y + 6. R31 R3p D13

+XoR31(Rs2 D12 + R3sDi3) + Xy Rs2(Rs1 D11 + Ras D) + X2 Rss(Rs1 D11 + Rse Do)
+e15R3, (2R1 Rz + Di2) + €16 R3, (2Rg1 R3g + Di3) + €24 Ray(2Ros R3s + D)
+€26R§2<2R22R31 + Dy3) + 634R§3(2R23R32 + D) + 635R§3(2323R31 + D)

€hs = 26, R11 Ry + 2¢,R1o R3y + 26, R13 Ry + 04 R3o Rs3 Doy + 8y Rsy Ras Doy + 6, R31 R3p Do

+XoR31(R32Das + R33Das) + Xy Rs2(Rs1 Do + Rs3Das) + x:Rs3(R31Da1 + R3aDos)
+€15R§1(2311R33 + Dqy) + 516R§1(2R11R32 + Do3) + 624R§2(2R12R33 + Do)
+€26R§2(2R12R31 + Do3) + 634R§3(QR13332 + Do) + €35R§3(2R13—R31 + Do)
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v, = o/ B*|e. B3, Ry, + EyR§2R§2 +e. Ry R,
+0, Roa R3o Rog Ra3 + 0y R91 R31 Rog Rag 4 0, Ro1 Ra1 Raa Rao
+XoRo1 R31 D11 + Xy RoaR32 D1a + X Roz R3zg D3
+e€15Ro1 R31 D12 + €16 R21 R31 D13 + €24 Roa R32 D1
+€26 a2 R32 D13 + €30 Rz R33 D1y + €35 a3 Rz D1
+72 (R R33 — Rz3R32)2 + vy (Ra1 R33 — 323331)2 + 7. (Ra1 R3 — R2zR31)2
+e45(Ro1 R33 — RozR31)(Roo sz — RozRs) + €a6(Ro1 Rz — Roo 3y ) (Roo 33 — RozRsy)
+e56(Ro1 R32 — RooR31) (Ro1 R3z — RozRay)

Yy = o’/ B%e. R Ry + €, R, R3y + €. Ri3 R
+0, R12R3o Ri3R3z + 0y R13R11 R31 R + 0,1 Ry Ria Rao
+XoR11R31 Doy + Xy R12R32Doo + X Ri3R33 D03
+e15R11 R31Dag + €16 R11R31 Dag + €24 R12 R32 Doy
+e26 12 R32 D3 + €30 R13R33 Doy + €35 13 R33 Do
+72(Ri2Ras — Ri3Raz)? + vy (Ri1 Ras — RizRa1)* + 7. (Ri1 Rsa — RiaRay)?
+eas(Ri1 Rz — RizRs1)(RioR3s — Ri3R3g) + ea6(R11R3p — RioRap ) (Ria Rz — RizRss)
+es6(R11 s — RioRs1)(Ri1Rss — Ri3Ra)

V.= 042/52 [ExRiRgl + GyRéRSQ + EzR%3R§3
+0, R12Roo Ri3Rog + 0y Ri3R11 Roz Ry + 0, R11 Ro1 Ria R
+Xz 11 R21 D31 + Xy Ri2Ro2 D3y + X Ri3Ra3 D33
+e15R11 Ro1 D3y + €16 R11 Ro1 D33 + €24 R12 Rz D3y
+e26 R19 29 D33 + €31 R13Ro3 D31 + €35 1393 D3
+72(R12Ra3 — R13R22)2 + vy (R11 Ras — 313321)2 + 7. (R11Ro2 — 312321)2
+e45(R11 Roz — RizRon) (RiaRos — RizRoz) + €a6( 11 Roy — Ria Rt ) (Ri2 o3 — Ri3Rao)
+és6( 11 Ra2 — RiaRor) (R Rz — RizRat)

¢hs = 0°/B*[2¢, Ra1 R, Ry + 2€, Ryn R, R1z + 26, Rz R3s Ry
+0,R32R33 D31 + 0y [R31 R33 D39 + 0, R31 R32D3s

+Xo(Ra1 R33 D33+ R31 R3a D32 ) + Xy (Rag R3a Dog + Ri2 R32 D12) + X - (R R33 Dog + Ri3 R33 D1 3)

+€15(Ro1 R31 Doo+ Ryy R3y Do) +-€16(Ro1 R31 Dog+ Ry Ry D13) +-€04(Roz R32 Dot +Ria R33 D11 )

+€26( Roz R32 Dag+R1p Ry D13) €34 (Ro3 R33 Doy + Ry3 Rz D1y ) +e35( Rog Rz Dao+ Ri3 R3z Do)

65



+27, (R Rs3 — RogRs3s) (Ri2R33s — Ri3Ra2) + 27, (R11R33 — Ri3Ra31)(Ro1 Rss — Ras3Rs)
+27.(R11 R32 — RiaR31) (R B3y — Ry R3y)
+ea5[(Roa 33 — RozR3p)(R11 Rzz — Ri3M31) + (Ri3Rsa — RiaRs3)(Raz Ry — R lss)]
+eas[(Rialss — RizRs2)(Roa Rz — Ro1R32) + (R Ry — RiaRs1)(Raz Ry — Raols3)]
+es6[(R21 B33 — RozR31)(Ri1Rzy — RiaR31) + (Ro1Rsa — R R3i ) (Ri1 Rzz — Riz )]

¢h = 0°/B*[2¢, R11 R, Ry1 + 2¢, R1oR3, Ray + 26, R13R33 Rys
+0, Roa Ro3 Doy + 0y Ro1 Rz Doy + 0. Ra1 Rao Do
+Xo(Ro1 R31 D31+ R11Ro1 D11) + Xy (Raa R3a Do + Ri2 Roo D12) + X - (Rog R33 D3s + Ri3 Ro3 D13)
+€15(Ro1 R31 D3g+ Ry Ry Dig) +€16(R21 31 D33+ Ri1 Ry Di3) +é2a(Roa R3a D31 + Rip Rop D1y )
+€06(Ro2 R D3g+-R12 R D13)4-€34(Ros Rz D31+ Ri3 Ro3 D11 ) €35 (Rog Ryz Dap+ Ri3 Rz D1 )]
+27, (Roa Rz — Ro3R3p) (Ri2Raz — RizRao) + 27, (Ro1 Raz — RozRap) (R Ras — RizRar)
+27.(R11 Rao — R Ro1)(Ro1 Rsp — Ry R )

+ea5[(Ri3Ro2 — Ri2Ro3)(Ro1 Ryz — RozRa1) + (Ri3Roy — Ri1Ro3)(Raa Rz — RozRao)]

+ea6[(Roa 33 — RozRsp) (R11Roy — RiaRop) + (Ra1Rsy — Ry R31 ) (Ri2 Rz — RizRyo)]

+e56[(R11R22 — RiaRo1)(Roz Ry — Ro1 Raz) + (Ra1Rsy — Ry Ra1 ) (Ri3Ro1 — Ry Rs)]

ety = a?/B*[2e, Ry B2 Rsy + 2eyR22R§2R32 + 26, Ry3 R2, Rss
+0, R12R13D 11 + 0y Ri1 Ri3 Do + 0. Ry1 Ry2Das
+ Xz (Ri1R31 D314 R11 Ro1Do1 ) + Xy (R12R32 D31+ R12 Ra2 Do) + X - (R13 R33 D33+ R13 Ra3 Dos)
+e15(R11 R31 D31+ Riy Roy Doy ) +-€16(R11 R31 D3z + Ri1 Roy Doz ) +éaa(Ria R3p D31+ Ria Roy Doy )
+€26(R12 R32 D33+ R1p Rop D3) +e3a (R13 R33 Dy1 + Ri3 Ry3 Doy ) €35 (R13 R33 D31+ Ri3 Roz Doy )|
+27, (R12Ra3 — Ri3Ra2)(R12R3s — Ri3Ra2) + 27, (R11Ros — RisRo1)(Ri1 Rss — Ri3Rs1)
+27.(R11 Ryy — RiaRo1 ) (Ri1 R3p — RiaRa3y)
+ea5[(R11 Rz — RizRoy ) (Ri2R3z — Ri3M3g) + (RiaRos — RizRaz)(Ri1 R3z — Ri3 )]
+eas[(R11Ro2 — RiaRo1 ) (Ri2 Rz — Ri3M3a) + (RiaRoz — RizRoz)(Ri1 Rz — Ria R )]
+e56[ (11 R0 — Ri2Ro1 ) (Ri1 B3z — RizRs1) + (R11Raz — RizRoy ) (R Rz — RiaRar)] 5 (9)

where
D11 = RyoRs3 + RozRss Dyy = Ro1 R33 + Ros3R3y D3 = RyoR31 + Ro1 Rsa

Dy = RiaR33 + Ri3Rss Doy = Ry1R33 + Ri3Rsy Dy3 = Ri1oR31 + Ri1 Rz
D3y = RisRo3+ Ri3Ras D3y = Ri3Ro1 + Ry Ras D33 = Ry1 Ros+ R1a R0y . (10)
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We could rewrite equations (9) in the matrix form. 21 WA parameters in the local
coordinate system would transform to 21 WA parameters in the global coordinate system
using the 21 x 21 matrix with interesting properties. The first 15 non-primed WA param-
eters from equation (1) transform into the same 15 primed WA parameters. Remaining
6 WA parameters, v1, 72, 73, €45, €46 and €55 are not involved in such a transformation.
For the transformation of these 6 WA parameters, all 21 WA parameters are, however,
involved.

Conclusions

Several transformation formulae for WA parameters are presented. Perhaps the most
important one is the set of equations allowing transformation of WA parameters from one
Cartesian coordinate system to another. These formulae will certainly find applications
in modelling of tilted higher-symmetry anisotropies as, for example, tilted transversely
isotropic (TTI) media or tilted orthorhombic (TOR) media. In such cases, the transforma-
tion formulae will simplify considerably because only a few of non-primed WA parameters
will be non-zero on the right sides of transformation equations (9).

In this contribution, we considered an isotropic medium with P- and S-wave veloc-
ities o and [ as a reference medium. It is not difficult to introduce WA parameters ,
whose reference medium might be VTT or orthorhombic with symmetry planes parallel to
coordinate planes.
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