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Abstract

We extend the applicability of approximate, but very
efficient and highly accurate formulae for computing
traveltimes of seismic P and S waves propagating in
smooth inhomogeneous, weakly anisotropic media, to
layered media. We illustrate the accuracy of these
formulae in smooth media by the comparison of their
results with results of the Fourier pseudospectral
method. The formulae can find applications in
migration and traveltime tomography.

Introduction

A useful byproduct of the first-order ray tracing (Pšenčı́k
and Farra, 2005; Farra and Pšenčı́k, 2010a; Iversen
et al, 2009) are approximate, but simple and quite
accurate formulae for computing traveltimes of seismic
waves propagating in inhomogeneous, weakly anisotropic
media and even in media of moderate anisotropy. First-
order ray tracing is a technique based on perturbation
theory, in which deviations of anisotropy from isotropy
are considered to be small quantities, used further in the
perturbation procedure. The basic idea of the first-order
ray tracing is to replace the exact Hamiltonian formed by
an eigenvalue of the Christoffel matrix, which controls ray
tracing and dynamic ray tracing equations, by its first-order
counterpart.

For P waves, the first-order ray tracing provides directly
first-order traveltimes. Traveltimes of second-order
accuracy can be simply computed by quadratures along
first-order rays (Pšenčı́k and Farra, 2005). The procedure
is straightforward and fast.

The situation is more complicated in case of S waves.
S waves in inhomogeneous, weakly anisotropic media
are coupled. They are computed using coupling ray
theory along common trajectories called common rays
(Farra and Pšenčı́k, 2010a). In the first-order ray
tracing approximation, ray tracing and dynamic ray tracing
equations are controlled by the Hamiltonian formed by
an average of the first-order approximations of the
corresponding S-wave eigenvalues of the Christoffel

matrix. Traveltimes of separate S waves are obtained
as the sum of the first-order traveltime calculated along
the common ray and of the corrections obtained by
quadratures calculated along the common ray. The
corrections consist of two terms, one term correcting the
first-order S-wave traveltime along the common ray, the
other term controlling the S-wave separation.

Here the applicability of the above described traveltime
formulae is extended to layered media. Equations for
tracing first-order P-wave rays or first-order common S-
wave rays are supplemented by a formula (Snell’s law) for
the determination of the first-order slowness vector of a
selected generated wave. The generated wave may be
reflected or transmitted P or common S waves.

The lower-case indices i, j,k, l, ... take the values of 1,2,3,
the upper-case indices I,J,K,L, ... take the values of 1,2.
The Einstein summation convention over repeated indices
is used. The upper index [M ] is used to denote quantities
related to the S-wave common ray.

Traveltime computations in smooth media

The first-order P-wave ray or common S-wave ray in
an inhomogeneous, weakly anisotropic medium can be
obtained by solving the first-order ray tracing (FORT)
equations:

dxi

dτ
=

1
2

∂ G(xm, pm)
∂ pi

,
d pi

dτ
=−1

2
∂G(xm, pm)

∂xi
. (1)

Here xi and pi are the Cartesian coordinates of the
first-order P-wave or S-wave common ray and the
components of the corresponding first-order slowness
vectors, respectively. Parameter τ is the first-order
traveltime. Symbol G denotes either the first-order P-wave
eigenvalue G[3](xm, pm) or the average of the first-order S-
wave eigenvalues:

G[M ](xm, pm) = 1
2 (G[1] +G[2]). (2)

The symbol G[3] denotes the first-order approximation of
the greatest eigenvalue and G[1] and G[2] in (2) the first-
order approximations of two smaller eigenvalues of the
generalized Christoffel matrix with elements Γik:

Γik(xm, pm) = ai jkl(xm)p j pl . (3)

The fourth-order tensor ai jkl is the tensor of density-
normalized elastic moduli,

ai jkl = ci jkl/ρ , (4)
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ci jkl being elements of the fourth-order tensor of elastic
moduli and ρ the density.

The initial conditions for the ray-tracing equations (1) for
τ = τ0 read:

xi(τ0) = x0
i , pi(τ0) = p0

i . (5)

Here, x0
i are the coordinates of source point x0, and

p0
i = n0

i /c0 are the components of the first-order slowness
vector p0 at the source. Symbol c0 denotes the first-order
approximation of either P-wave or S-wave common phase
velocity in the direction n0 at source point x0.

Pšenčı́k and Farra (2005) offer second-order traveltime
formula for P waves, which reads

τP(τ,τ0) = τ +∆τP(τ,τ0) . (6)

Here τ denotes the first-order traveltime obtained by
integrating the ray tracing system (1) with G replaced by
G[3]. Symbol ∆τP denotes the second-order traveltime
correction:

∆τP =−1
2

∫ τ

τ0

B2
13(p

[3])+B2
23(p

[3])

1− 1
2 [B11(p[3])+B22(p[3])]

dτ. (7)

The traveltime formulae for S waves are more complicated.
If we assume that the common S-wave ray does not pass
through a singularity, traveltimes of S1 and S2 waves,
τS1,S2, are given by the formula (Farra and Pšenčı́k, 2010a;
see also Iversen et al., 2009):

τS1,S2(τ,τ0) = τ [M ] +∆τS1,S2(τ,τ0) . (8)

Here τ [M ] denotes the first-order traveltime obtained by
integrating (1) with G replaced by G[M ], see (2). The term
∆τS1.S2 is the traveltime correction, which consists of two
terms:

∆τS1,S2(τ,τ0) = ∆τ [M ](τ,τ0)+∆τS
S1,S2(τ,τ0) . (9)

The first term on the RHS of (9), ∆τ [M ], is the second-
order traveltime correction along the common S-wave ray.
It reads:

∆τ [M ] =
1
4

∫ τ

τ0

B2
13(p

[M ])+B2
23(p

[M ])
B33(p[M ])−1

dτ. (10)

The second term in (9), ∆τS
S1,S2, is the term, which controls

the separation of S waves, and it reads:

∆τS
S1,S2 =±1

4

∫ τ

τ0

√
[M11(p[M ])−M22(p[M ])]2 +4M2

12(p[M ]) dτ.

(11)
The elements of the matrix M(p[M ]) can be expressed in
terms of the elements of the matrix B:

MKL(p[M ]) = BKL(p[M ])− BK3(p[M ])BL3(p[M ])
B33(p[M ])−1

. (12)

It remains to define the elements of the symmetric matrix
B appearing in (7), (10) and (12). They are given by the
formula

B jl(p) = Γik(p)e[ j]
i e[l]

k . (13)

Symbols e[ j]
i in (13) denote the components of unit vectors

e[ j]. Vectors e[1] and e[2] are perpendicular to the third vector
e[3] chosen so that e[3] = n. Here n is a unit vector specifying
the direction of the first-order slowness vector p. Vector e[3]

can be determined from the second set of FORT equations
(1). Note that the matrix B is different along the P-wave ray
(p = p[3]) and common S-wave ray (p = p[M ]). Vectors e[K]

can be chosen arbitrarily in the plane perpendicular to n at
any point of the first-order P-wave or common S-wave ray.

Transformation of a slowness vector across an
interface

Let us consider an interface Σ and either a P-wave ray or a
common S-wave ray incident at interface Σ. The slowness
vector of an arbitrarily generated wave can be written in the
form (Farra and Pšenčı́k, 2010b)

pG = b+ξ GN = p− (p ·N)N+ξ GN . (14)

Here, p and pG are first-order slowness vectors of the
incident and generated (G) waves, N is the unit normal to
interface Σ at the point of the incidence at Σ. The symbol
ξ G represents the scalar component of pG to N, and b
represents the vectorial component of pG, tangential to
Σ. Components ξ G of any generated wave can be found
from the first-order eikonal equations satisfied by the waves
generated on corresponding sides of the interface:

G(b+ξ GN) = 1 . (15)

To solve equation (15), we can use an iterative procedure
proposed by Dehghan et al. (2007) and described in detail
by Farra and Pšenčı́k (2010b). In it, we seek the first-order
slowness vector pG{ j} of a selected generated wave in the
j-th iteration in the form

pG{ j} = b+ξ G{ j}N , (16)

where

ξ G{ j} = ξ G{ j−1}− G(pG{ j−1})−1
Nk∂G/∂ pk(pG{ j−1})

. (17)

The initial value of the quantity ξ G(0) is determined for a
reference isotropic medium. The explicit expressions for G
and ∂G/∂ pk can be found in papers on FORT, see more
details in Farra and Pšenčı́k (2010b).

Computation of traveltime in layered media

The procedure of computing traveltimes of multiply
reflected/transmitted, converted or unconverted waves is
now as follows. Ray tracing equations (1) with G replaced
by G[3] if we wish to start with the P wave or by G[M ]

if we wish to start with one of the S waves are solved
with initial conditions (5). After reaching the first interface,
the first-order slowness vector of the selected generated
wave is determined from eq. (14), solving eq. (15). The
coordinates of the point of incidence and the first-order
slowness vector determined from eq. (14) can be used as
initial conditions for solving ray tracing equations (1) along
the ray of a generated wave. At the next interface, the
procedure continues as described above. When tracing
of the ray of multiply reflected wave is finished, formulae
(6) or (8) are applied along individual elements of the ray,
depending on the type of the wave considered along a
considered element. Along a single common S-wave ray,
we can get corresponding traveltimes of both S waves.
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Tests of accuracy of approximate traveltime formulae

It was shown by Pšenčı́k and Farra (2005) that even
for a model with P-wave anisotropy of about 20%, the
relative error of the FORT P-wave traveltimes compared
with the standard ray theory traveltimes is less than 1%.
For a model with S-wave anisotropy of about 7% and
for the S-wave separation of about 13% Iversen et al.
(2009) found S-waves relative errors about 0.5% or less.
Here we illustrate the accuracy of the above presented
formulae by comparing obtained traveltimes with highly
accurate synthetics computed with the code based on the
Fourier method (FM), a pseudo-spectral method (see, e.g.,
Kosloff and Baysal, 1982). Traveltimes calculated from
approximate formulae given above (coloured crosses) are
compared with maxima of envelopes of signals used in
the FM. In the following, we concentrate on S waves only.
Similar tests with P waves give very accurate results.

We consider the VSP configuration with the source and
the borehole situated in a vertical plane (x,z), see the
schematic illustration in Figure 1. The borehole is parallel
to the z axis, and the vertical single-force source is located
on the surface at z = 0 km, at a distance of 1 km from the
borehole.

First we compare results of the approximate traveltime
formulae and of the FM method in a model of vertically
inhomogeneous weakly orthorhombic medium. It is a
modified version (decreased anisotropy) of the model
proposed by Schoenberg and Helbig (1997). We rotated
the model by 42.5o around the vertical axis so that
the waves propagating to the profile of receivers pass
close to the conical singularity. By this, we want to
show that the formulae work safely even in vicinities
of singularities. We consider 38 receivers distributed
uniformly along the borehole situated in the (x,z) plane,
starting from z = 0.04 km with steps of 0.04 km. The
variations of the S-wave phase velocities in the (x,z) plane
for the orthorhombic model are shown in Figure 2. Figure
3 shows the comparison of traveltimes computed with
formulae presented above (faster S wave blue, slower
red) and synthetics of the transverse component of the
displacement vector computed by the FM method. The fit
of approximate traveltimes with the FM synthetics is very
good.

Next we consider a model with stronger anisotropy and
separation of S waves, proposed by Bulant and Klimeš
(2008). This model represents a limit of applicability of the
proposed approximate traveltime formulae. We consider 29
receivers distributed uniformly along the borehole situated
in the (x,z) plane, starting from z = 0.01 km with the
step of 0.02 km. The model is vertically inhomogeneous,
transversely isotropic with a horizontal axis of symmetry
(HTI). The axis of symmetry is rotated counterclockwise
everywhere in the plane (x,y) by 45o from the x-axis. The
variations of the S-wave phase velocities in the (x,z) plane
for the HTI model are shown in Figure 4. The left-hand
plot corresponds to a depth of z = 0 km, the right-hand
plot to a depth of z = 1 km. Velocities are shown as
functions of the angle of propagation. They vary from
00 (horizontal propagation) to 900 (vertical propagation).
Figure 5 shows the comparison of traveltimes computed
with formulae presented above (faster S wave blue,
slower red) and synthetics of the transverse component

of the displacement vector computed by the FM method.
Although the separation of waves is large and the
applicability of the approximate formulae is on its limit, the
fit is relatively good.

Summary and Conclusions

By comparison of results of recently developed
approximate traveltime formulae with synthetics generated
by the code based on the Fourier pseudospectral method
we illustrated high accuracy of the approximate formulae.
We extended their applicability to laterally varying layered,
weakly anisotropic media. We plan to test their accuracy
for unconverted and converted P and S waves in the way
we tested their accuracy in smooth media.

Previous tests and tests presented in this contribution
indicate that the accuracy of the approximate formulae is
very high. Their use is also very efficient, especially when
S waves are considered. For calculating traveltimes of
both S waves, it is sufficient to trace just one common S-
wave ray. When supplemented by the first-order dynamic
ray tracing, the procedure offers various versions of very
efficient two-point ray tracing. The formulae can find
applications, for example, in migration and traveltime
tomography.
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VSP   CONFIGURATION

1.0 km

Figure 1: A schematic illustration of the VSP geometry
used for the computations.
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Figure 2: The S-wave phase-velocity sections in the (x,z)
plane for the orthorhombic model. The velocities vary from
the horizontal (0o) to the vertical (90o) direction of the wave
normal. Left- and right-hand plots correspond to z = 0 km
and z = 3 km, respectively.
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Figure 3: Comparison of the FM seismograms generated
by the vertical single-force source in the orthorhombic
model and traveltimes of faster (blue) and slower (red) S
waves computed with presented approximate formulae.
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Figure 4: The S-wave phase-velocity sections in the (x,z)
plane for the HTI model. The velocities vary from the
horizontal (0o) to the vertical (90o) direction of the wave
normal. Left- and right-hand plots correspond to z = 0 km
and z = 1 km, respectively.
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Figure 5: Comparison of the FM seismograms generated
by the vertical single-force source in the HTI model and
traveltimes of faster (blue) and slower (red) S waves
computed with presented approximate formulae.
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