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ABSTRACT

ARTICLE HISTORY

We derive the equations for the integral superposition of Gaussian
packets in smoothly heterogeneous media. The superposition of
Gaussian packets is especially useful in the vicinity of spatial caustics
where the ray theory under consideration is singular. The equations
are applicable to both the anisotropic ray theory and the coupling
ray theory in bianisotropic media, or to the isotropic ray theory in
isotropic media. The equations can be used in both Cartesian and
curvilinear coordinates. The equations are applicable not only to
electromagnetic waves in bianisotropic media, but also to other kinds
of vectorial waves, e.g. to elastic waves in generally anisotropic media.
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1. Introduction
The equations for the integral superposition of Gaussian packets in smoothly heterogeneous isotropic media were derived using the Maslov asymptotic theory applied to a
general 3-D subspace of the 6-D complex phase space by Klimeš [1], and demonstrated
in the computation of elastic wave fields by Klimeš [2]. In this paper, we rederive the
equations for the integral superposition of Gaussian packets in smoothly heterogeneous
bianisotropic media. The presented equations are applicable not only to electromagnetic
waves in bianisotropic media, but also to other kinds of vectorial waves, e.g. to elastic waves
in generally anisotropic media.
The presented integral superposition of Gaussian packets may correspond to the anisotropic
ray theory [3], to the frequency-dependent coupling ray theory [4], or to the prevailing–
frequency approximation of the coupling ray theory [5,6] in bianisotropic media, or to the
isotropic ray theory in isotropic media.
The lower-case indices i, j, . . . take the values of 1, 2, 3. The Einstein summation convention over repeated indices is used.

2. Gaussian packets
We consider Cartesian or curvilinear coordinates x i in 3-D space. We consider an orthonomic
system x i = x̃ i (γ a ) of rays parametrized by ray coordinates γ a , where γ 1 and γ 2 are
the ray parameters, and γ 3 is the parameter along rays determined by the form of the
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Hamiltonian function. In the case of the coupling ray theory, the orthonomic system of
rays is represented by the system of reference rays along which the coupling equations are
solved. The reference rays are calculated using the reference Hamiltonian function.
The Gaussian packet centred at point x̃ i reads
 

g(x m, ω) = AGP(x̃ m, ω) exp i ω τ (x̃ n ) + (x k − x̃ k ) pk (x̃ n ) + 21 (x k − x̃ k ) fkl (x̃ n ) (x l − x̃ l ) , (1)

where ω is the circular frequency, τ (x̃ n ) is the travel time corresponding to the orthonomic
system of rays at point x̃ i , pk (x̃ n ) is the slowness vector corresponding to the orthonomic
system of rays at point x̃ i , fkl (x̃ n ) is the complex-valued matrix with positive imaginary
part describing the shape of the Gaussian packet centred at point x̃ i , and AGP(x̃ n, ω) is the
complex-valued vectorial or tensorial amplitude of the Gaussian packet centred at point
x̃ i . The amplitudes of Gaussian packets corresponding to a particular source are usually
vectorial. The amplitudes of Gaussian packets designed to compose the Green tensor are
usually tensorial.
For the electromagnetic ray theory developed in terms of the magnetic vector potential
with the Weyl gauge (zero electric potential) according to Klimeš [3], the amplitudes are
covariant spatial 3-vectors or 3×3 tensors. Without the Weyl gauge, these amplitudes would
be covariant space-time 4-vectors or 4×4 tensors. For the elastic ray theory, the amplitudes
would be spatial 3-vectors or 3×3 tensors, etc.
The vectorial or tensorial amplitudes may correspond to the anisotropic ray theory
[3], to the frequency-dependent coupling ray theory [4], or to the prevailing–frequency
approximation of the coupling ray theory [5,6] in bianisotropic media, or to the isotropic
ray theory in isotropic media.
Matrix fkl (x̃ n ) may be chosen arbitrarily, but must smoothly vary with coordinates x̃ n .
Matrix fkl (x̃ n ) need not satisfy the equations for Gaussian packets propagating along the
rays, because Gaussian packets arriving at different points of the same ray may correspond
to different initial conditions for the shape of the Gaussian packets. Matrix fkl (x̃ n ) may also
depend on frequency ω. In the superposition of Gaussian packets, vectorial or tensorial
amplitude AGP(x̃ n, ω) will be determined by the choice of matrix fkl (x̃ n ).

3. Integral superposition of Gaussian packets
The time-harmonic superposition of Gaussian packets at frequency ω reads
u(x m, ω) =

ZZZ

dx̃ 1 dx̃ 2 dx̃ 3 AGP(x̃ m, ω)

 
× exp i ω τ (x̃ m ) + (x k − x̃ k ) pk (x̃ m ) + 12 (x k − x̃ k ) fkl (x̃ m ) (x l − x̃ l ) .

(2)

For very high frequencies ω, the Gaussian packets are very narrow and we can calculate
superposition integral (2) analytically.
The paraxial ray approximation of travel time τ (x̃ n ) centred at point x i reads
τ (x̃ n ) ≈ τ (x n ) + (x̃ k −x k ) pk (x m ) + 21 (x̃ k −x k ) Nkl (x m ) (x̃ l −x l ),

(3)
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where Nkl (x m ) is the matrix of the second-order partial derivatives of travel time at point x i .
The paraxial ray approximation of slowness vector pk (x̃ n ) centred at point x i reads
pi (x̃ n ) ≈ pi (x n ) + Nik (x m ) (x̃ k −x k ).

(4)

For very high frequencies ω, the Gaussian packets are very narrow and we may apply
approximation
fkl (x̃ n ) ≈ fkl (x n )
(5)
of smoothly varying matrix fkl (x̃ n ), and approximation
AGP(x̃ m, ω) ≈ AGP(x m, ω)

(6)

of amplitude AGP(x̃ m, ω).
We insert paraxial ray approximations (3)–(6) into integral superposition (2) and obtain
ZZZ
m
u(x , ω) ≈
dx̃ 1 dx̃ 2 dx̃ 3 AGP(x̃ m, ω)
 

× exp i ω τ (x m ) + 12 (x̃ k −x k ) [fkl (x m )−Nik (x m )] (x̃ l −x l ) .
(7)

We now calculate integral (7) analytically, and obtain
u(x m, ω) ≈ AGP(x m, ω)

 2π 3 n√
2

ω


 o−1 

det i Nab (x n )−fab (x n )
exp i ωτ (x m ) ,

(8)

√ !

where function det Mab is the product of the square roots of the eigenvalues of matrix
Mab . The individual square roots are taken with positive real parts.
For high frequencies ω, we need


u(x m, ω) ≈ A(x m, ω) exp i ωτ (x m ) ,

(9)

where A(x m, ω) is the complex-valued vectorial or tensorial ray–theory amplitude.
In bianisotropic media, vectorial or tensorial ray–theory amplitude A(x m, ω) may represent either the anisotropic–ray–theory vectorial or tensorial amplitude, or the frequencydependent coupling–ray–theory vectorial or tensorial amplitude calculated using the scalar
anisotropic–ray–theory amplitude corresponding to the orthonomic system of rays, or the
vectorial or tensorial amplitude of the prevailing–frequency approximation of the coupling
ray theory [5,6]. In isotropic media, vectorial or tensorial amplitude A(x m, ω) represents the
isotropic–ray–theory vectorial or tensorial amplitude.
Comparing expressions (8) and (9), we obtain
AGP(x m, ω) =

 ω 3
√ 

2
A(x m, ω) det i Nab (x n )−fab (x n ) .
2π

Inserting (10) into (2), we obtain the time-harmonic superposition

(10)
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 ω 3ZZZ
√ 

2
u(x , ω) =
dx̃ 1 dx̃ 2 dx̃ 3 A(x̃ m, ω) det i Nab (x̃ n )−fab (x̃ n )
2π

 
× exp i ω τ (x̃ n ) + (x k − x̃ k ) pk (x̃ n ) + 21 (x k − x̃ k ) fkl (x̃ n ) (x l − x̃ l )
m

(11)

of Gaussian packets.
Since the integral superposition of Gaussian packets is usually calculated numerically
in ray coordinates, we shall transfer superposition (11) to ray coordinates. We define
transformation matrix
Xak =

∂x k
.
∂γ a

(12)

The paraxial matrix Xak of geometrical spreading can be calculated using the Hamiltonian
equations of geodesic deviation (dynamic ray tracing equations, paraxial ray tracing equations) derived by Červený [7].
We change the integration variables in integral superposition (11) to ray coordinates and
arrive at

 ω 3ZZZ
√ 

2
g
u(x , ω) =
dγ 1 dγ 2 dγ 3 A(x̃ m, ω) det[Xa (x̃ r )] det i Nab (x̃ h )−fab (x̃ h )
2π

 
(13)
× exp i ω τ (x̃ n ) + (x k − x̃ k ) pk (x̃ n ) + 21 (x k − x̃ k ) fkl (x̃ n ) (x l − x̃ l ) ,
m

where x̃ n = x̃ n (γ a ). The vectorial or tensorial ray–theory amplitude A corresponds to the
ray theory under consideration, e.g. to the anisotropic ray theory [3], to the coupling ray
theory [4], to the prevailing–frequency approximation of the coupling ray theory [5,6], or
to the isotropic ray theory. Integral superposition (13) of Gaussian packets is applicable to
electromagnetic waves in smoothly heterogeneous bianisotropic media, but also to other
kinds of vectorial waves, e.g. to elastic
in generally anisotropic
media.
√ waves


Whereas factors A(x̃ m, ω) and det i Nab (x̃ n ) −fab (x̃ n ) in (13) are not smooth in the
vicinity of caustics, product
g

A(x̃ m, ω) det[Xa (x̃ r )]

√ 

det i Nab (x̃ h )−fab (x̃ h )

(14)

is smooth everywhere in its definition domain.

4. Note on the ray–theory amplitude
We may decompose vectorial or tensorial amplitude A into complex-valued scalar amplitude A and complex-valued polarization vector or tensor e,
A(x̃ m, ω) = A(x̃ m, ω) e(x̃ m, ω).

(15)
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The complex-valued scalar amplitude corresponds to the orthonomic system of rays, and
may be expressed as [3, Equation 95]
s
1 dτ h
1
A(x̃ m, ω) = C(x̃ m, ω)
(x̃ )
exp[i ϕ(x̃ h )],
(16)
|det (Xai )|
̺(x̃ h ) dγ3
where ̺(x̃ h ) is defined by Klimeš [3, Equation 84]. Here, ϕ is the phase shift due to caustics,
due to the gradient of optical activity [3, Equations 95, 115], etc. Complex-valued reduced
scalar amplitude C is constant along the ray in smooth parts of a medium, and is determined
by the initial conditions. Reduced amplitude C obviously depends on the selection of ray
parameters γ 1 and γ 2 .
Complex-valued polarization vector or tensor e depends on the eigenvectors of the
Kelvin–Christoffel matrix [3]. It also depends on the coupling equations, if we consider the
coupling ray theory or the isotropic ray theory.
We insert decomposition (15) with scalar amplitude (16) into integral superposition (13)
and obtain
s
 ω 3ZZZ
1 dτ h
2
1
2
3
m
m
m
dγ dγ dγ e(x̃ , ω) C(x̃ )
(x̃ )
u(x , ω) =
2π
̺(x̃ h ) dγ3
p
√ 

× |det [Xdc (x̃ r )]| det i Nab (x̃ h )−fab (x̃ h ) exp[i ϕ(x̃ h )]

 
(17)
× exp i ω τ (x̃ n ) + (x k − x̃ k ) pk (x̃ n ) + 12 (x k − x̃ k ) fkl (x̃ n ) (x l − x̃ l ) .
√ 

Whereas factors det i Nab (x̃ n ) −fab (x̃ n ) and exp[i ϕ(x̃ h )] in (17) are not smooth in the
vicinity of caustics, product
p
√ 

|det [Xdc (x̃ r )]| det i Nab (x̃ h )−fab (x̃ h ) exp[i ϕ(x̃ h )]
(18)

is smooth everywhere in its definition domain.

5. Conclusions
Integral superposition (13) of Gaussian packets is applicable to electromagnetic waves in
smoothly heterogeneous parts of bianisotropic media, but also to other kinds of vectorial
waves, e.g. to elastic waves in generally anisotropic media. The smoothly heterogeneous
parts of bianisotropic media considered in superposition (13) may be separated from the
source region by several smooth interfaces.
The superposition of Gaussian packets is especially useful in the vicinity of spatial caustics
where the ray theory under consideration is singular. The equations are applicable to
regularize both the anisotropic ray theory and the coupling ray theory in bianisotropic
media, or the isotropic ray theory in isotropic media.
The integral superposition of Gaussian beams can be derived from the integral superposition of Gaussian packets by means of high-frequency asymptotic quadrature with respect
to ray coordinate γ 3 along rays [8].
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