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We derive and test the moveout formula for converted P-SV (or SV-P) waves in a homogeneous, weakly or
moderately anisotropic, transversely isotropic layer with axis of symmetry perpendicular to a dipping reflector
underlying it. Instead of commonly used Taylor series expansion of the squared traveltime with respect to the
offset, we use weak-anisotropy approximation of the exact traveltime formula. We replace the exact traveltime
along the actual ray of a convertedwave by its first-orderweak-anisotropy approximation along a ray in a nearby
reference isotropic medium. The traveltime formula is derived in the plane defined by the source-receiver line
and the normal to the reflector. The source and the receiver may be situated arbitrarily in the model, the flat
reflector may have an arbitrary 3D orientation. The accuracy of the proposed moveout formula is tested on
models with varying strength of anisotropy for a varying dip of the reflector. In isotropic media, the formula
yields highly accurate results with relative traveltime errors not exceeding 0.5%. In anisotropic media of P- and
SV-wave anisotropy of about 25% and 12%, respectively, relative traveltime errors do not exceed 2%.

© 2018 Elsevier B.V. All rights reserved.
1. Introduction

Reflection moveout approximations are a broadly used tool for the
velocity-model building. They provide relation between observed
traveltimes and parameters of a medium, which is generally considered
to be anisotropic. Reflection moveout is most often used in the connec-
tion with unconverted waves. Applications to converted (mostly PS)
waves are also numerous. They are mostly related to transversely
isotropic media with vertical axis of symmetry (VTI media), see for
example, Seriff and Sriram (1991), Tsvankin and Thomsen (1994),
Granli et al. (1999), Thomsen (1999), Tsvankin and Grechka (2000), Li
and Yuan (2003), Hao and Stovas (2016). Detailed reviews of moveout
of converted waves can be found in monographs Tsvankin (2001),
Tsvankin and Grechka (2011).

We seek an approximate formula for the square of the reflection
time T2 as a function of the offset x (source-receiver distance) assuming
that anisotropy of the medium is weak. The formula obtained in this
way represents the first-order approximation of exact formula in
terms of the weak-anisotropy (WA) parameters, which characterize
deviations of anisotropy from isotropy. In all previous studies, see for
example, Farra et al. (2016), such approximations provided sufficiently
accurate results not only for weakly, but also for moderately anisotropic
media with anisotropy strength varying between 20 and 30%. Their
comparison with commonly used approximations in situations, in
which both approaches are applicable (commonly used formulae are
usually applicable to only limited types of models) yields results of
comparable or even better accuracy.

In this paper, we generalize the formula of Farra and Pšenčík (2017)
for the moveout of converted waves in a homogeneous, moderately
anisotropic, transversely isotropic (TI) layer with a vertical axis of
symmetry (VTI) underlaid by a horizontal reflector to the case of a
dip-constrained TI (DTI) medium, whose symmetry axis is perpendicu-
lar to the dipping reflector. We thus deal with a 3D experiment: an
arbitrary oriented surface profile over an arbitrarily oriented plane
reflector. Although such a structure represents a simplification of real-
ity, it can find its counterparts in dipping shale formations in overthrust
areas (Tsvankin, 2001). More details about DTI media can be found, for
example, in Alkhalifah and Sava (2010) or Golikov et al. (2012). The for-
mula derived in this paper can be applied along an arbitrarily chosen
source-receiver profile over an arbitrarily oriented plane reflector. The
formula depends on WA parameters specifying the DTI medium and
on the apparent dip angle φAD of the reflector. The apparent dip angle
is the angle between the profile and the intersection of the reflector
with the plane containing the profile and the normal to the reflector.

The paper has the following structure. In Sec. 2, we describe the con-
figuration of the reflection experiment and introduce the notation. In
Sec. 3, we present traveltime expressions along the P- and SV-wave
ray legs, and introduce approximations necessary for their evaluation.
With all the necessary formulae introduced, it is possible to present
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expressions for the P-SV-wave moveout in Sec. 4. The following Sec. 5
offers tests of accuracy of the derived formulae on an isotropic and
three anisotropic models of a homogeneous layer over a dipping reflec-
tor. The paper ends by conclusions listed in Sec. 6. In Appendix A, we
offer two possibilities how to determine the conversion point in a refer-
ence isotropic medium. Appendix B contains definitions of weak-
anisotropy (WA) parameters used in this study.
2. Configuration of the experiment

Let us consider a weakly or moderately anisotropic homogeneous
transversely isotropic (TI) layer underlaid by an arbitrarily oriented
dipping plane reflector. The axis of symmetry of the TI medium is
assumed to be perpendicular to the reflector. We are thus dealing with
the dip-constrained TI (DTI) medium. Let us concentrate on the plane
containing the source-receiver profile and the normal to the reflector.
The configuration of the experiment in this plane is shown in Fig. 1.
The reflector makes an apparent dip angle φAD, positive clockwise, with
the source-receiver profile. The apparent dip of the reflector depends
on the actual dip of the reflector and on the orientation of the source-
receiver profile. For the determination of the apparent dip angle φAD

from these factors, see Farra and Pšenčík (2013b). The distance �SR be-
tween the source S and the receiver R is the offset x. The point O is the
common midpoint and the point C is a perpendicular projection on the
source-receiver profile of the conversion point C′, situated on the reflec-
tor. The distance �SC is the offset xC of the conversion point. Perpendicular
projections of the source S, the receiver R and the common midpoint O
on the reflector are denoted by S′, R′ and O′, respectively. The distances
�SS0, �RR0 and �OO0 are denoted HS, HR and H, respectively.

Although the anisotropy of the considered medium belongs to sim-
pler ones, to determine the ray path of a converted P-SV wave between
the points S and R is not an easy task. In principle, the solution of two-
point ray tracing problem is required here. To avoid it, we consider a
nearby P-S-wave ray path in a reference isotropic medium with
P- and S-wave velocities α and β, respectively, instead of the exact
P-SV-wave raypath. The actual ray is thus replaced by the raywhose de-
viation from the actual ray is assumed to be of thefirst order. This results
in the second-order traveltime error (Fermat's principle). The offset xC
of the conversion point is thus sought in the reference isotropic
medium. The conversion-point dispersal (Tsvankin, 2001) is implicitly
incorporated in the approach. As shown in Fig. 1, the down-going
P-wave reference ray leg makes the angle θP and the up-going S-wave
reference ray leg makes the angle θS with the normal to the reflector
at the conversion point C′. To find the conversion point C′ in the refer-
ence isotropic medium is feasible although even this is not an easy
task. In Appendix A, we show how to determine the conversion point
in the reference isotropic medium either by solving numerically a quar-
tic equation or by using an approximate formula representing its
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Fig. 1. Schematic plot of a ray of a converted P-S wave in the reference isotropic medium,
reflected from the dipping reflector, with φAD representing the apparent dip angle. HS, HR

and H are orthogonal distances of the source S, the receiver R and common midpoint O
from the reflector, respectively. S′, R′ and O′ are projections of S, R and O, respectively to
the reflector. The point C′ is the conversion point and C is its projection on the source-
receiver profile. θP and θS are angles of incidence and reflection, respectively.
solution. It is shown in Appendix A that the position of the conversion
point depends on the ratio r of S- and P-wave velocities in the reference
isotropic medium, r= β/α, and on the apparent dip angle of the reflec-
tor φAD. The ratio r can be determined as a constant from available esti-
mates of α and β. For an efficient application of Fermat's principle, it is,
however, desirable to choose r as close as possible to the ratio of SV- and
P-wave velocities of the studied actual medium.

3. Traveltime formula

Let us denote by NP and NS unit vectors (ray vectors) tangent to the
down-going P-wave and up-going S-wave reference ray legs, respec-
tively. We can then write expressions for the squares of traveltime
along the P- and S-wave ray legs in the following way, see Fig. 1:

T2
P xð Þ ¼ x2C cos2φAD þ H2

S

v2P NP
� � ; T2

SV xð Þ ¼ x−xCð Þ2 cos2φAD þ H2
R

v2SV NS
� � : ð1Þ

In Eq. (1), vP(NP) and vSV(NS) denote P- and SV-wave ray velocities in the
DTI medium.

Let us introduce the one-way zero-offset traveltimes THS and THR at
the source and the receiver in the reference isotropic medium:

THS ¼ HS

α
¼

H−
1
2
x sin φAD

α
; THR ¼ HR

β
¼

H þ 1
2
x sin φAD

β
: ð2Þ

Let us also introduce normalized projections to the reflector of the dis-

tance xC of the conversion point C from the source S ( �S0C0) and of the dis-

tance x − xC ( �C0R0) of the receiver R from the conversion point C in the
following way:

x̆C ¼ xC cosφAD

HS
; x̂−x̂C ¼ x−xCð Þ cosφAD

HR
: ð3Þ

With the notation introduced in Eqs. (2) and (3), Eq. (1) receives the
form:

T2
P xð Þ ¼ T2

HSα
2 1þ x̆2C
v2P NP
� � ; T2

SV xð Þ ¼ T2
HRβ

2 1þ x̂−x̂Cð Þ2

v2SV NS
� � : ð4Þ

For the evaluation of traveltime formulae in Eq. (4), it remains to
find the expressions for P- and SV-wave ray velocities. Instead of com-
plicated exact expressions, we use their first-order approximations.
We can use expressions of Farra and Pšenčík (2017) if, instead of the
general Cartesian coordinate system,weuse a local Cartesian coordinate
system related to the reflector. Its x1-axis is situated along the intersec-
tion of the reflector with the plane containing the source-receiver pro-
file and the normal to the reflector. The x3-axis is perpendicular to the
reflector, positive downwards. Unit vectors NP and NS are thus situated
in the plane (x1,x3) of the local coordinate system. Their non-zero com-
ponents are

NP
1 ¼ x̆Cffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ x̆2C

q ; NP
3 ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ x̆2C

q ð5Þ

for P wave and

NS
1 ¼ x̂−x̂Cffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ x̂−x̂Cð Þ2
q ; NS

3 ¼ −
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ x̂−x̂Cð Þ2
q ð6Þ

for S wave.
We can now use expressions (12) and (13) of Farra and Pšenčík

(2017) for P- and SV-wave ray velocities of a converted wave reflected

Image of Fig. 1


Table 1
Parameters of the anisotropic models used. α and β - P- and S-wave reference velocities,
ϵx, δy, ϵz and γy - WA parameters.

Model α (km/s) β (km/s) ϵx δy ϵz γy

Limestone 3.0 1.707 0.076 0.133 0. 0.
Mesaverde mudshale 4.53 2.703 0.034 0.184 0. 0.
Hard shale 3.0 1.914 0.252 0.034 0. 0.
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at a horizontal reflector, and use them in the local Cartesian coordinate
system related to the reflector. The approximate expression for the P-
wave ray velocity has the form:

v2P
e NP
� �

� c2P
e NP
� �

� α2 1þ 2 ϵx NP
1

� �4
þ δy NP

1

� �2
NP

3

� �2
þ ϵz NP

3

� �4� �� �
:

ð7Þ

The approximate expression for the SV-wave ray velocity reads:

v2SV
e NS
� �

� c2SV
e NS
� �

� β2 1þ 2γy þ 2r−2 ϵx þ ϵz−δy
	 


NS
1

� �2
NS

3

� �2� �
:

ð8Þ

Tildes over symbols indicate that the corresponding quantities are of the
first order in the weak-anisotropy approximation. Symbols cP and cSV
denote P- and SV-wave phase velocities. Symbols ϵx, ϵz, δy and γy are
WA parameters related to the reflector coordinate system. They are de-
fined in Appendix B.

4. P-SV-wave moveout

By inserting expressions (5) and (6) to equations for the ray veloci-
ties (7) and (8), and by inserting the resulting equations to the
traveltime formulae (4), we obtain:

T2
P xð Þ ¼ T2

HS

1þ x̆2C
� �3
PP x̆Cð Þ ; T2

SV xð Þ ¼ T2
HR

1þ x̂−x̂Cð Þ2
h i3

PSV x̂−x̂Cð Þ : ð9Þ

The normalized offsets x̆C , x̂C and x̂ are related to the offsets xC and x
through the expressions given in Eq. (3). Symbols PP(x) and PSV(x) de-
note polynomials, which, due to the use of the local coordinate system
related to the reflector, have identical form with the polynomials de-
rived by Farra and Pšenčík (2017). They read:

PP xð Þ ¼ 1þ x2
	 
2 þ 2ϵxx4 þ 2δyx2 þ 2ϵz ð10Þ

and

PSV xð Þ ¼ 1þ x2
	 
2

1þ 2γy

� �
þ 2r−2 ϵx þ ϵz−δy

	 

x2 : ð11Þ

With all the above expressions, we are now able to write the final
expression for the square of the total traveltime T(x) = TP(x) + TSV(x):

T2 xð Þ ¼ THS

1þ x̆2C
� �3=2
P1=2
P x̆Cð Þ

þ THR

1þ x̂−x̂Cð Þ2
h i3=2

P1=2
SV x̂−x̂Cð Þ

264
375
2

: ð12Þ

To evaluate Eq. (12), we have to take into account Eqs. (2) and (3) for
THS, THR, x̆C and x̂−x̂C , and also Eqs. (10) and (11) for polynomials PP
(x) and PSV(x). Because the offset of the conversion point xC depends
on the ratio of S- and P-wave velocities in the reference isotropic me-
dium and on the apparent dip angle φAD of the reflector, the formula
(12) itself depends on the choice of the parameters of the referenceme-
dium and φAD too.

In the isotropic case, which we also test in the following section, Eq.
(12) reduces to the form:

T2 xð Þ ¼ THS 1þ x̆
2
C

� �1=2
þ THR 1þ x̂−x̂Cð Þ2

h i1=2� �2
: ð13Þ

Definitions of quantities THS, THR, x̆C and x̂−x̂C can be again found in Eqs.
(2) and (3). For the exact value of the conversion offset xC, Eq. (13)
yields the exact traveltime.
Transformation of Eqs. (12) or (13) into the form of the commonly
used Taylor series expansion of the squared traveltime with respect to
the offset would lead to an expansion with non-zero odd terms. It is be-
cause the considered DTI configuration is asymmetric with respect to
the zero offset, see Tsvankin and Grechka (2011). It is easy to derive
the coefficients of such an expansion from Eqs. (12) or (13). Here we
present only the first coefficient corresponding to the zero-offset
traveltime for the DTI configuration. It reads:

T2 0ð Þ ¼ THS 1þ 2ϵzð Þ−1=2 þ THR 1þ 2γy

� �−1=2
� �2

: ð14Þ

Eq. (14) is exact. Expressed in terms of elastic parameters in the Voigt
notation, it yields T(0) = HSA33

−1/2 + HRA55
−1/2. In the isotropic case,

Eq. (14) reduces to the obvious T(0) = HSα−1 + HRβ−1.

5. Tests of accuracy

We test accuracy of Eqs. (12) and (13) for converted P-SV waves in
four models with reflectors of varying dip. The first model is isotropic,
the remaining three models are DTI models with varying strength of
P- and SV-wave anisotropy. The models have been used by Farra and
Pšenčík (2017) for the study of accuracy of approximate moveout for-
mulae for waves converted at a horizontal reflector. The P- and S-
wave velocities of the isotropic model are α = 2.5 km/s and β = 1
km/s, respectively. The parameters of anisotropic models are given in
Table 1. The P- and S-wave reference velocities α and β, respectively,
are chosen as P- and SV-wave velocities along the axes of symmetry of
the considered models. This choice allows a comparison with results
of previous studies. It leads to ϵz = γy = 0, and thus to the reduction
of the number of involved WA parameters from four to two, ϵx and δy.
The three anisotropic models are the limestone model, whose P- and
SV-wave anisotropies are ~ 8% and ~ 5%, respectively, and the
Mesaverde mudshale and the hard shale models with P-wave anisot-
ropies ~ 6% and ~ 25%, respectively, and SV-wave anisotropy of ~ 12%.
The anisotropy strength is defined as 2(cmax − cmin)/(cmax + cmin)
× 100%, where c denotes corresponding phase velocity. Let us add that
the first two models have ϵx − δy negative while the third has ϵx − δy
positive.

In the followingfigures,we present plots of relative traveltime errors
(T − Tex)/Tex × 100%. Here T is the traveltime calculated from Eqs. (12)
or (13) and Tex is the traveltime calculated using the package ANRAY
(Gajewski and Pšenčík, 1990), which we take as an exact reference.

Each of the following figures contains two plots with relative
traveltime errors. The a) plots contain curves for the conversion point
xC obtained by numerical solution of the quartic equation (A-4), and
the b) plots contain curves obtained from the approximate formula
(A-7) with coefficients C0 to C3 determined from Eqs. (A-8) and (A-
10). The curves of different colours correspond to different reflector
dips. Black curves correspond to the horizontal reflector and are identi-
cal with curves shown by Farra and Pšenčík (2017) for the correspond-
ing models. Red, blue, green and light blue curves correspond to the
apparent dip angles φAD = 10∘, 20∘, −10∘, and −20∘, respectively.

First we show results obtained from Eq. (13) for the isotropic layer.
Numerical solution of the quartic equation (A-4) to determine the offset
xC of the conversion point leads to exact results. It is because we use the
exactly determined conversion point and thus actual ray trajectory.
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Fig. 3. P-SV-wave moveout in the limestone model, P-wave anisotropy ~ 8%, SV-wave anisotrop
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Fig. 2. P-SV-wave moveout in the isotropic layer (α = 2.5 km/s, β = 1. km/s) with the
reflector of varying dip φAD, φAD = 0∘ - black, φAD = 10∘ - red, φAD = 20∘ - blue, φAD =
− 10∘ - green, φAD = − 20∘ - light blue. Variation with the normalized offset x/H of the
relative traveltime error with the conversion point determined from approximate Eq.
(A-7) with Ci defined in (A-8) and (A-10).
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Determination of xC from the approximate formula (A-7) with coeffi-
cients C0 to C3 given in (A-8) and (A-10) results in non-zero traveltime
errors shown in Fig. 2. The traveltime errors of the reflections from the
reflector with a positive dip remain negligible, but errors for the nega-
tive dips, and especially for the zero dip reach nearly 0.5% for the nor-
malized offset x/H~8. The reason for these larger errors are larger
deviations of xC determined from the approximate Eq. (A-7) from the
exact values of xC determined from Eq. (A-4); compare the dashed
and solid curves in Fig. 6 in Appendix A. In Fig. 2, we can see that due
to the stronger dip of the reflector, blue (φAD = 20∘) and light blue
(φAD = − 20∘) curves terminate at xmax/H b8.

In Fig. 3, which shows results for the anisotropic limestone layer,
even the use of numerical solution of the quartic equation (A-4) leads
to observable errors, see Fig. 3a. It is because traveltime is calculated
along reference and not actual rays. Nevertheless, the errors do not ex-
ceed 0.2%. They are larger for positive dips of the reflector. This is caused
by the application of the less accurate approximation of SV-wave ray ve-
locity along longer S-wave ray path, compare Figs. 1 and 3 of Farra and
Pšenčík (2013a). The effect is evenmore pronouncedwhen the approx-
imate Eq. (A-7) for the determination of xC is used, see Fig. 3b. In this
case the maximum errors may reach 0.5%.
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Similar features as in Fig. 3, can be observed in Fig. 4. Traveltime er-
rors are, however, larger because SV-wave anisotropy is slightly stron-
ger in the Mesaverde mudshale model. This is in accord with Figs. 3
and 4 of Farra and Pšenčík (2013a). Traveltime errors obtained with xC
determined from Eq. (A-4) are, however, still b1%, see Fig. 4a. Determi-
nation of xC from the approximate formula (A-7) leads to slightly higher
errors, which are, however, still b1.5%, see Fig. 4b. Larger errors are ob-
served for reflectors with positive dips. For horizontal reflectors or for
reflectors with negative dips, the errors are b0.5% no matter if they are
determined by the numerical solution of Eq. (A-4) or from approximate
Eq. (A-7). The reason for larger errors for reflectors with positive dips is
the same as in Fig. 3.

Results shown for hardshale layer shown in Fig. 5 have slightly dif-
ferent character than the results in Figs. 3 and 4. First, P-wave anisot-
ropy of the hardshale model is considerably stronger than in the other
models. As a consequence, maximum relative traveltime errors ap-
proach 2%. Second, and probably more importantly, hardshale model
has the parameter ϵx much stronger than in other models, see Table 1.
Third, in contrast to the previous models, the term ϵx − δy is positive
for the hardshale model. As Farra and Pšenčík (2013a) point out, varia-
tion of the SV-wave phase velocity with offset has a different character
than in limestone and Mesaverde mudshale models, compare Fig. 5a
with Figs. 3a and 4a of Farra and Pšenčík (2013a). As a result, in contrast
to other models, traveltime errors in the hardshale model do not de-
pend so strongly on the dip of the reflector as they do in other models.
6. Conclusions

In the previous sections we generalized the formula of Farra and
Pšenčík (2017) for themoveout of converted waves in a homogeneous,
moderately anisotropic, VTI layer underlaid by a horizontal reflector to
the case of a dip-constrained medium with an arbitrary oriented plane
reflector. The formula is applicable along an arbitrarily chosen source-
receiver surface profile, which makes the experiment 3D. As Farra and
Pšenčík (2017), wemade two important approximations. Instead of ac-
tual rays of converted waves we considered reference rays in a nearby
reference isotropic medium. Along these rays, we used first-order ap-
proximations of P- and SV-wave ray velocities.

As in the paper of Farra and Pšenčík (2017), an important part of the
determination of the moveout is the determination of the conversion
point on the reflector. This can be done by solving numerically a quartic
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Fig. 5. P-SV-wavemoveout in the hardshalemodel, P-wave anisotropy ~ 25%, SV-wave anisotro
blue, φAD = − 10∘ - green, φAD = − 20∘ - light blue. Variation with the normalized offset x/H
solution of Eq. (A-4); b) from approximate Eq. (A-7) with Ci defined in (A-8) and (A-10).
equation or by using its approximate solution. Special attention is paid
to the generalization of the approximate solution for the case of a dip-
ping reflector, see Appendix A. Due to the existence of the reflector
dip, the normalized offset has a limited extent. The larger the dip, the
shorter the maximum offset. For the horizontal reflector (zero dip),
the presented formula reduces to the moveout formula of Farra and
Pšenčík (2017).

If the conversion point is determined by the numerical solution of
the quartic equation (A-4), the presented formula for the isotropic
case yields exact results. In anisotropic media, the maximum relative
traveltime errors do not exceed 2% for P- and SV-wave anisotropy of ap-
proximately 25% and 12%, respectively.

Thederived formula depends a) on 4WAparameters, ϵx, ϵz, δy andγy,
specifying the TImedium, b) on the apparent dip angleφADmade by the
source-receiver profile with the intersection of the reflector with the
plane containing the profile and the normal to the reflector, and c) on
the ratio r of the reference velocities. The apparent dip angle relates to
the quantities specifying the orientation of the profile and the reflector,
see Farra and Pšenčík (2013b).

We did not try to rewrite Eqs. (12) and (13) in the commonly used
form of a Taylor series expansion of squared traveltime T2 with re-
spect to the offset x because the studied moveout for the DTI configu-
ration is asymmetric with respect to the zero offset (Tsvankin and
Grechka, 2011). As a consequence, the Taylor series expansion of T2

contains not only even but also odd terms with x. This, as Tsvankin
and Grechka (2011) point out, makes the notion of the NMO velocity
and of the quartic term of the traveltime expansion meaningless.
The symmetry of the moveout is achieved for the zero apparent dip
angle.

The presented formula is applicable to both P-SV and SV-P waves. It
is because one can exchange the positions of the source and the receiver
keeping the wave modes along the ray legs unchanged.

More realistic than the DTI medium considered in this paper would
probably be a dip-constrained orthorhombic medium. Derivation of ap-
proximate moveout formula for P-S or S-P waves in such amediumwill
bemore involved. The separation of Swaves into SV and SHwaves, used
in the studied DTI medium, is impossible in orthorhombic media. Ap-
proximate traveltime formulae for separate S waves are more compli-
cated. One option would be to consider traveltimes of a common S
wave (Farra and Pšenčík, 2010) instead of traveltimes of two separate
S waves.
−3

−2

−1

0

1
0 1 2 3 4 5 6 7 8

x/Hb)

T
ra

ve
lti

m
e 

er
ro

r 
in

 %

py ~ 12%,with the reflector of varying dipφAD,φAD=0∘ - black,φAD=10∘ - red,φAD=20∘ -
of the relative traveltime error with the conversion point determined a) by the numerical

Image of Fig. 5


695V. Farra, I. Pšenčík / Journal of Applied Geophysics 159 (2018) 690–696
Acknowledgement

We thank Alexey Stovas and an anonymous referee for constructive
comments. A substantial part of this work was done during IP's stays at
the IPG Paris. We are grateful to the Research Project 16-05237S of the
Grant Agency of the Czech Republic and the project “Seismic waves in
complex 3-D structures” (SW3D) for support.

Appendix A. Determination of the conversion point in the reference
isotropic medium

Let us consider a homogeneous isotropic layer underlaid by a dipping
reflector with the apparent dip angle φAD, see Fig. 1. For the determina-
tion of φAD from the actual dip and azimuth of the source-receiver pro-
file see Farra and Pšenčík (2013b). In the medium above the reflector,
we consider the source S and the receiver R. The distance between
these two points is the offset x. Let us consider a ray of a converted P-
S wave between the points S and R, with the conversion point C′ at
the reflector, see Fig. 1. Its perpendicular projection on the surface is
the conversion point C, situated at the offset xC. Its position, of course,
differs from the position of the midpoint O, the point in the middle of
the offset x.We denote byα andβ P- and S-wave velocities, respectively,
and by r= β/α their ratio. The angles of incidence and reflection of a ray
of the converted P-Swave are denoted by θP and θS, respectively. The or-
thogonal distances of the source S and the receiver R from the reflector
are HS and HR, respectively. The distancesHS and HR can be expressed in
terms of the orthogonal distanceH of the commonmidpoint O from the
reflector, and the apparent dip angle φAD as

HS ¼ H−
x
2

sinφAD; HR ¼ H þ x
2

sinφAD ; ðA� 1Þ

see Eq. (2) of Farra and Pšenčík (2013b).
Since the source S and the receiver R are situated above the reflector,

onemust requireHS ≥ 0 andHR ≥ 0. This implies that in the case of a dip-
ping reflector, the offset x cannot be infinite as in the case of the hori-
zontal reflector. For a dipping reflector, the offset x may reach, at
maximum, its limiting value xmax:

xmax ¼ 2H
j sinφAD j : ðA� 2Þ

For the positive apparent dip angle φAD and for the offset xmax, Eq.
(A-1) yields HS = 0 and HR = 2H. For the negative apparent dip angle
φAD and for the offset xmax, Eq. (A-1) yields HS = 2H and HR = 0. This
is an obvious consequence of the relation 2H= HS + HR, which follows
from Eq. (A-1).

Elementary trigonometry considerations based on the sketch in Fig.
1 yield the following expressions for sinθP and sinθS:

sinθP ¼ xC cosφADffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2C cos2φAD þ H2

S

q ;

sinθS ¼ x−xCð Þ cosφADffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x−xCð Þ2 cos2φAD þ H2

R

q :

ðA� 3Þ

Combination of Eq. (A-3) with the Snell law, sinθP/α = sin θS/β, leads,
after some manipulation, to the equation

x4C−2x3Cxþ x2C x2 þ H2
Rr

2−H2
S

Q r;φADð Þ

 !
þ 2xC

H2
Sx

Q r;φADð Þ−
H2

Sx
2

Q r;φADð Þ
¼ 0 ; ðA� 4Þ

where

Q r;φADð Þ ¼ r2−1
	 


cos2φAD : ðA� 5Þ
Eq. (A-4) is a quartic polynomial equation for the offset of the conversion
point xC. For the horizontal reflector, φAD = 0∘, Eq. (A-4) reduces to Eq.
(4) of Farra and Pšenčík (2017). It is of interest to note that for the case
of an unconverted reflection from a dipping reflector, it is for the ratio
of velocities of generated and incident waves r = 1, Eq. (A-4) yields

xC ¼ x
2
HS

H
; ðA� 6Þ

which reduces to the expected xC = x/2 for the horizontal reflector. Eq.
(A-4) can be solved numerically or approximately.

Numerical solution of Eq. (A-4) leads to four roots, of which only one
lies in the interval (0, x), and it is the sought root.

For an approximate solution, one can use a generalization by
Thomsen (1999) of the approximate formula for the determination of
the conversion point proposed by Tessmer and Behle (1988) for an iso-
tropic layer over a horizontal reflector. Thomsen (1999) sought the ap-
proximate solution of his quartic equation in the form of a modified
Taylor series expansion. In our case the modified Taylor series expan-
sion has the form:

xC � x C0 þ C1 x=Hð Þ þ C2 x=Hð Þ2
1þ C3 x=Hð Þ2

" #
: ðA� 7Þ

The coefficients in Eq. (A-7) are sought so that (A-7) satisfies asymptot-
ically Eq. (A-4) for minimum and maximum offsets. The coefficients C0,
C1 and C2 are obtained by inserting Eq. (A-7) to the quartic equation (A-
4) and taking limit x → 0. We get

C0 ¼ 1
1þ r

; C1 ¼ −
r sinφAD

1þ rð Þ2
; C2 ¼ r

2
1−r

1þ rð Þ3
cos2φAD : ðA� 8Þ

The coefficient C3 is obtained from the limit x → xmax.
In the case of a horizontal reflector, φAD=0∘, for x→ ∞, we get from

the quartic Eq. (A-4) xC/x → 1. Inserting this to Eq. (A-7), we obtain

C3 ¼ 1
2

1−r

1þ rð Þ2
; ðA� 9Þ

see Thomsen (1999).
In the case of a dipping reflector, the offset x can reach, atmaximum,

the value xmax. The coefficient C3 should be chosen so that Eq. (A-7)
yields the limiting value xClim of xC for x = xmax. Inserting x = xmax to
Eq. (A-7), we obtain:

C3 ¼ 1
2
C1 j sinφAD j þ2C2

�xC lim−C0
−

1
4

sin2φAD ; ðA� 10Þ

where �xC lim ¼ xC lim=xmax. For a horizontal reflector, for which �xC lim ¼ 1,
Eq. (A-10) reduces to Eq. (A-9), i.e., to the result obtained earlier by
Thomsen (1999).

The inspection of Eq. (A-7) at the offset x=0 shows that the value of
the ratio xC/x is controlled by the coefficient C0 and the slope of xC/x as a
function of x/H is controlled by C1. For φAD b 0∘, the slope is positive, the
projection C of the conversion point to the source-receiver profile tends
to approach the receiver R. For φAD = 0∘, the slope is zero. For φAD N 0∘,
the slope is negative, the point C tends to approach the source S.

Let us now seek the limiting value xClim, situated in the interval 0 ≤
xClim ≤ xmax, i.e., 0≤�xC lim≤1, separately for the case of a dipping reflector
with the negative (φAD b 0∘) and positive (φAD N 0∘) apparent dip.

For φAD b 0∘ and x= xmax, we get HR=0, see the discussion after Eq.
(A-2). It is easy to prove that

�xC lim ¼ 1 ðA� 11Þ

is an acceptable solution of Eq. (A-4). In this case the receiver R is situ-
ated at the intersection of the reflector with the profile (HR = 0). The



0.5

1.0
0 1 2 3 4 5 6 7 8

x/H

xc
/x

Fig. 6. Variation with the normalized offset x/H of the ratio xC/x for the P-S-wave in the
isotropic layer with the ratio of S- and P-wave velocities r = 0.4. Varying apparent dip
angle φAD considered: φAD = 0∘ - black, φAD = 10∘ - red, φAD = 20∘ - blue, φAD = − 10∘

- green, φAD = − 20∘ - light blue. Full curves correspond to xC obtained by numerical
solution of quartic equation (A-4), dashed curves to approximate solution (A-7) with Ci
defined in Eqs. (A-8) and (A-10).
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P-wave ray leg is parallel to the profile and the conversion point coin-
cides with R.

For φAD N 0∘ and x = xmax, the situation is more complicated. In this
case, we get HS = 0 and acceptable solutions of Eq. (A-4) are

�xC lim ¼ 0 and �xC lim ¼ 1− tanθ�S tanφAD

	 

: ðA� 12Þ

Here θS∗ is the critical angle, sinθS∗= r. In this case, the source S is situated
at the intersection of the reflector with the profile (HS =0). The second
equation in (A-12) yields �xC lim in the interval 0≤�xC limb1 if tanθS∗ tan φAD

≤ 1. In this case, the P-wave ray leg is tangent to the reflector, and S-
wave ray leg leaves the reflector at the conversion point under the
angle θS∗. The position of the conversion point on the reflector depends
on the apparent dip angle φAD and, through θS∗, also on the ratio r. For
φAD approaching 0∘, �xC lim in the second equation of (A-12) approaches
1 as it was the case for φAD b 0∘, see Eq. (A-11). For φAD increasing,
�xC lim decreases and becomes zero for tanθS∗ tan φAD = 1. For tanθS∗ tan
φAD N 1, the first equation of (A-12) must be used. The solution �xC lim ¼
0 corresponds to the conversion point coinciding with the source S
and the S-wave ray leg parallel to the source-receiver profile.

Inserting the above expressions for �xC lim to Eq. (A-10), we obtain the
coefficient C3 for any combination of the apparent dip angleφAD and the
ratio r.

For r = 1, Eq. (A-10) yields C3 = 0 because C0 = 1/2, C1 = − sin
φAD/4, C2=0 and�xC lim ¼ 0forφAD N 0∘ and�xC lim ¼ 1forφADb 0∘. Inserted
to Eq. (A-7), this yields

xC � x
2
HS

H
: ðA� 13Þ

Comparing Eq. (A-13) with (A-6), we can conclude that for r = 1,
approximate Eq. (A-7) yields the exact solution of Eq. (A-4).

From Eq. (A-4), we can see that the offset xC of the conversion point
depends on the offset x, the distance H, apparent dip angle φAD and
through the ratio r of the S- and P-wave velocities on the parameters
of the reference medium.

In Fig. 6, on the graphs of the variation of the ratio xC/xwith the nor-
malized offset x/H we compare values of xC obtained from approximate
formula (A-7) (dashed curve) with values xC obtained by numerical
solution of the quartic equation (A-4) (solid curve). The curves
correspond to the P-S-wave conversion in the isotropic layer with
P- and S-wave velocities α = 2.5 km/s and β = 1. km/s, i.e., with the
ratio of S- and P-wave velocities r = 0.4. The following apparent dip an-
gles φAD are considered: φAD = 0∘ - black, φAD = 10∘ - red, φAD = 20∘ -
blue, φAD = − 10∘ - green, φAD = − 20∘ - light blue. Because xC is the
solution of Eq. (A-4), which depends on the ratio r, the value of the ratio
xC/x for x=0 depends on r too. We can see that the formula (A-7) yields
satisfactory results. For xmax b8, it converges correctly to xClim.

Appendix B. WA parameters used in the study

In the Cartesian coordinate system related to the reflector, WA pa-
rameters ϵx, ϵz, δy and γy used in Eqs. (7), (8), (10) and (11) of the
main text are defined as

ϵx ¼ A11−α2

2α2 ; ϵz ¼ A33−α2

2α2 ; δy ¼ A13 þ 2A55−α2

α2 ;

γy ¼
A55−β2

2β2 :

ðB� 1Þ

Here A11, A13, A33 and A55 denote density-normalized elastic moduli in
the Voigt notation, specified in the above-mentioned Cartesian coordi-
nate system, and α and β are P- and S-wave velocities in the
reference isotropic medium. By choosing α2 = A33 and β2 = A55, we
have ϵz = γy = 0. The WA parameter ϵx becomes equivalent to ϵ of
Thomsen (1986), but WA parameter δy is different from δ of Thomsen
(1986).
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