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S U M M A R Y
Weakly inhomogeneous time-harmonic plane waves propagating in homogeneous anisotropic,
weakly dissipative media are studied using the perturbation method. Only dissipation mecha-
nisms, which can be described within the framework of linear viscoelasticity, are considered.
As a reference (non-perturbed) case, plane waves with a real-valued slowness vector prop-
agating in perfectly elastic anisotropic media are used. Simple approximate expressions for
the complex-valued slowness and polarization vectors of weakly inhomogeneous plane waves
propagating in anisotropic, weakly dissipative media are derived. Special attention is devoted
to the imaginary part of the slowness vector, known as the attenuation vector, which is re-
sponsible for the amplitude attenuation of a plane wave. The derived approximate expression
for the attenuation vector depends on the material (intrinsic) dissipation parameters as well as
on the inhomogeneity of the plane wave. Its scalar product with the energy–velocity vector
yields, however, the intrinsic attenuation factor, which does not depend on the inhomogeneity
of the wave, and which thus represents a very suitable measure of the material dissipation.
The derived expression for the intrinsic attenuation factor is valid for media of unrestricted
anisotropy and weak dissipation and for homogeneous as well as weakly inhomogeneous plane
waves. The intrinsic attenuation factor is inversely proportional to the scalar quantity, which, in
isotropic viscoelastic media, corresponds to the well-known quality factor Q. Its generalization
to anisotropic weakly viscoelastic media is directionally dependent. Numerical examples are
presented, in which the accuracy of the approximate formulae based on the perturbation method
is studied. The results indicate that the presented perturbation results are sufficiently accurate
to be used in practical applications. Strong directivity of the intrinsic attenuation factor shows
its great potential in solving inverse problems.

Key words: Seismic anisotropy; Seismic attenuation; Theoretical seismology; Wave
propagation.

1 I N T RO D U C T I O N

Wave propagation in viscoelastic anisotropic media is an important

subject in contemporary seismology, seismic exploration, acoustics,

ultrasonic non-destructive testing of materials, etc. In seismology

and seismic exploration, examples are wave propagation in shallow

consolidated sediments, reservoir rocks, zones of partial melting,

mining areas, etc. The properties of seismic waves in such media

have mostly been investigated by directly solving the equation of

motion numerically. For a detailed description of such methods, with

many results of computations and other references, see Carcione

(2001, 2007).

An important insight into the wave processes in viscoelastic

anisotropic media can be obtained by using plane waves. In the

propagation of plane waves in unbounded homogeneous viscoelastic

media, a special role is played by inhomogeneous plane waves. The

basic problem in studying them consists in specifying their slowness

vectors. Several possibilities, namely the directional, componental

and mixed specifications of the slowness vector, are described by

Červený (2004), Červený & Pšenčı́k (2005a,b). The most suitable

of them is the mixed specification, which is quite universal and can

be applied, without limitations, to homogeneous as well as inhomo-

geneous plane waves, propagating in perfectly elastic or viscoelas-

tic, isotropic or anisotropic media. With the mixed specification,

the computation of an inhomogeneous plane wave propagating in a

specified direction leads, in general, to the solution of an algebraic

equation of the sixth degree with complex-valued coefficients. In

special cases, the algebraic equation of the sixth degree can be fac-

torized into two equations, one of the fourth and the other of the

second degree.

Why are we interested in inhomogeneous plane waves? In an ex-

cellent review article on ultrasonic inhomogeneous waves, Declercq
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et al. (2005) give the answer to this question: ‘In general, when-

ever damping plays a role, inhomogeneous waves are part of the

game’. Waves propagating in a viscoelastic anisotropic medium

from a point source to a given receiver are always inhomogeneous,

even if the medium is homogeneous (Červený et al. 2007). In a

smooth medium, the inhomogeneity of the wave is usually weak.

It may, however, increase considerably if there are strong hetero-

geneities and structural interfaces (post-critical transmission) in the

medium. The inhomogeneity of waves propagating from a point

source to a receiver is given by the configuration and properties

of the medium. One of the reasons why we concentrate on inho-

mogeneous plane waves propagating in homogeneous viscoelastic,

isotropic or anisotropic media is that their inhomogeneity can be

controlled. Let us mention that inhomogeneous plane waves are not

only a theoretical concept. Laboratory sources of inhomogeneous

plane waves are now available and used in ultrasonic non-destructive

testing (Deschamps & Hosten 1989; Declercq et al. 2005).

Although the medium dissipation and inhomogeneity of waves

in smooth media are usually weak in seismology and seismic ex-

ploration, they play an important role as they are responsible for

the exponential decay of amplitudes along their travel paths. The

dissipative effects are cumulative, that is, for long travel paths the

complete dissipative effects may be rather large, and thus easy to

measure. Consequently, the dissipative effects can be used in inver-

sion schemes to offer additional independent parameters character-

izing the medium under consideration.

To study weakly inhomogeneous waves propagating in weakly

dissipative media, it is natural to use perturbation methods. Pertur-

bation methods lead to simple but sufficiently accurate expressions,

often of great practical importance. The use of perturbation methods

has a long tradition in the study of wave propagation in perfectly elas-

tic anisotropic media, in which the reference medium is isotropic,

and anisotropy is considered as a perturbation. Perturbation methods

have often been used to determine traveltimes in weakly anisotropic

media, see, for example, Červený (1982), Červený & Jech (1982),

Hanyga (1982), Jech & Pšenčı́k (1989), Chapman & Pratt (1992),

Farra (1999), Červený (2001), Klimeš (2002) and Pšenčı́k & Farra

(2005). Perturbation methods were, however, also used to compute

the whole wave field, see, for example, Farra (1989), Nowack &

Pšenčı́k (1991), Pšenčı́k & Farra (2007), etc.

The reference (unperturbed) case considered in this paper is a ho-

mogeneous plane wave (with a real-valued slowness vector) propa-

gating in a perfectly elastic anisotropic medium. The weak inhomo-

geneity of the wave and the weak viscoelasticity of the medium

are considered as perturbations. A similar perturbation problem

has been studied by Hayes & Rivlin (1974), who, however, used

a different approach. They assumed that the imaginary parts of the

complex-valued viscoelastic moduli are small compared to their real

parts, and that the imaginary part of slowness vector p (called at-

tenuation vector A) is small compared to its real part (called the

propagation vector P). The inhomogeneity of the wave under con-

sideration, however, was not explicitly specified. It could be easily

specified explicitly with the mixed specification of the slowness vec-

tor, proposed by Červený (2004) and Červený & Pšenčı́k (2005a).

The mixed specification simplifies the treatment considerably and

yields simple explicit results. Another perturbation problem, similar

to the one discussed in this paper, has been studied by Gajewski &

Pšenčı́k (1992) using the ray theory. Although Gajewski & Pšenčı́k

(1992) did not consider inhomogeneous waves, they arrived at an im-

portant approximate expression for the quality factor in anisotropic

dissipative media, equal to the expression derived and discussed in

this paper.

The main purpose of this paper is to derive the first-order pertur-

bation formulae for the slowness and polarization vectors of weakly

inhomogeneous plane waves propagating in unbounded weakly vis-

coelastic anisotropic media. These formulae will find future appli-

cations in studies of propagation of non-planar waves in heteroge-

neous anisotropic, weakly dissipative media. There are two reasons

for considering plane waves. First, the derived perturbation formu-

lae can be used even for situations when exact solutions are not

available. Second, since exact solutions for plane waves exist, com-

parison of perturbation and exact results is possible in this special

case. This offers us a unique opportunity to study accuracy of the

proposed first-order perturbation method. Consequently, the accu-

racy of the proposed first-order perturbation method can be easily

studied numerically. It would not be easy to study the accuracy of

the perturbation method by other means, and to define more pre-

cisely the concepts of ‘weakly dissipative medium’ and of ‘weakly

inhomogeneous plane waves’. These concepts are used in, more or

less, qualitative manner, which corresponds to the linearization ap-

proaches. It is thus very comforting to know that the accuracy of

the approximate results can be studied numerically although for a

simple case of homogeneous media only.

The paper is organized in the following way. In Section 2, the

exact equations for time-harmonic homogeneous and inhomoge-

neous plane waves propagating in viscoelastic anisotropic media

are reviewed. The equations are valid for media of unrestricted vis-

coelasticity and anisotropy, and for unrestricted inhomogeneity of

plane waves. In Section 3, weakly inhomogeneous plane waves prop-

agating in weakly dissipative anisotropic media are treated. In Sec-

tion 3.1, the reference case is specified. Special attention is devoted

to the first-order perturbation of the slowness vector and to the at-

tenuation vector, see Section 3.2. The intrinsic attenuation factor

is also introduced there. Section 3.3 is devoted to the first-order

perturbation of the polarization vector. Section 4 contains the re-

sults of numerical tests, in which the accuracy of the first-order

perturbation formulae is studied by comparison with exact results.

The presented examples indicate that the accuracy of the derived

first-order expressions could be sufficient for practical purposes.

The calculated example of the intrinsic attenuation factor shows the

strong directivity of this quantity.

In the whole paper, symbols x i denote Cartesian coordinates and

t denotes time. The lower-case indices i, j, k, l, . . . take the values

1, 2, 3. The Einstein summation convention over repeated indices

is used. For time-harmonic wave fields, we consider the exponen-

tial time factor exp(−iωt), where ω is a fixed, real-valued, positive

circular frequency. Parallelly with the tensor notation aijkl of the

complex-valued density-normalized viscoelastic moduli, we also

use the Voigt matrix notation Aαβ , where α, β, . . . take the values

1, 2, . . . , 6.

2 T I M E - H A R M O N I C P L A N E WAV E S

I N H O M O G E N E O U S V I S C O E L A S T I C

A N I S O T RO P I C M E D I A

Time-harmonic homogeneous and inhomogeneous plane waves

propagating in a homogeneous unbounded viscoelastic anisotropic

medium can be represented by the expression

ui (x j , t) = aUi exp[−iω(t − pn xn)]. (1)

Here ui , U i and pi are complex-valued Cartesian components of dis-

placement vector u, normalized polarization vector U, (UiUi = 1),

and slowness vector p, respectively. Symbol a denotes a complex-

valued scalar amplitude factor. Polarization vector U, slowness
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vector p and amplitude factor a are independent of x j and t.
We emphasize the use of the ‘−’ sign in the exponential fac-

tor exp[−iω(. . .)]. If we considered exp[+iω(. . .)], all resulting

complex-valued quantities would be complex-conjugate to those

obtained from eq. (1).

The displacement vector (1) must satisfy the equation of mo-

tion and the generalized Hooke’s law for homogeneous viscoelastic

anisotropic solids:

τi j, j = ρv̇i (2)

and

τi j = ci jkl ekl , (3)

where τ i j denotes the stress tensor, eij denotes the strain tensor,

ei j = 1
2
(ui, j + u j,i ), vi is the particle velocity, vi = u̇i , and ρ is

the density. Symbol cijkl(ω) denotes the tensor of complex-valued

frequency-dependent viscoelastic moduli. As we consider ω fixed,

we do not explicitly indicate the frequency dependence of cijkl be-

low. For a more detailed discussion of the equation of motion and of

the generalized Hooke’s law, see, e.g. Červený & Pšenčı́k (2005a).

Inserting eqs (1) and (3) into eq. (2), we find out that eq. (1) rep-

resents a plane wave only if U 1, U 2 and U 3 satisfy the system of

linear equations

(�ik − δik)Uk = 0. (4)

Here � ik is the generalized Christoffel matrix (containing compo-

nents p j of slowness vector p instead of components n j of the unit

directional vector n appearing in the standard Christoffel matrix),

given by the relation

�ik(pn) = ai jkl p j pl . (5)

In eq. (5), aijkl are complex-valued density-normalized viscoelastic

moduli, aijkl = cijkl/ρ. The condition of solvability of the system of

equations (4) reads

det(�ik − δik) = 0. (6)

This is the constraint relation for slowness vector p.

The complex-valued slowness vector p is commonly specified as

follows:

p = P + iA. (7)

Here P and A are real-valued vectors, called the propagation and

attenuation vectors, respectively. The angle made by vectors P and A
is called the attenuation angle γ , cos γ = P ·A/|P||A|. For γ �= 0, the

plane wave is called inhomogeneous, for γ = 0 homogeneous. Thus,

for homogeneous waves, the propagation and attenuation vectors are

parallel. Note that we call a wave homogeneous even if A = 0, that

is, when the slowness vector is real-valued.

For general viscoelastic anisotropic media, the direct determi-

nation of vectors P and A satisfying (6) is not straightforward. In

order to avoid possible complications, we use the so-called mixed

specification of slowness vector P:

p = σn + iDm, m · n = 0, (8)

see Červený & Pšenčı́k (2005a). The real-valued, mutually perpen-

dicular unit vectors n and m and the real-valued scalar D can be

chosen arbitrarily. We call D the inhomogeneity parameter. It is

measured in s m−1. For D = 0, the plane wave is homogeneous,

and for D non-zero, it is inhomogeneous. Note that n specifies the

direction of the propagation vector P of the plane wave under con-

sideration, and m is perpendicular to it. The plane specified by n and

m is called the propagation–attenuation plane. This plane contains

vectors P and A.

The complex-valued quantity σ in eq. (8) can be determined from

the constraint relation (6). It is also measured in s m−1. Inserting

eq. (8) into eq. (5) and then eq. (5) into eq. (6), we obtain an al-

gebraic equation of the sixth degree for σ , with complex-valued

coefficients:

det[ai jkl (σn j + iDm j )(σnl + iDml ) − δik] = 0. (9)

This equation has six complex-valued roots, corresponding to P, S1
and S2 plane waves, propagating in the directions of n and −n.

Once eq. (9), with aijkl, n, m and D given, is solved, and its six

roots σ determined, vectors P and A for all six elementary plane

waves can be expressed by simple relations:

P = nReσ, A = nImσ + Dm. (10)

The expressions for phase velocity C in the direction of n and for at-

tenuation angle γ of any of the considered waves have the following

form:

C = 1/|P| = 1/|Reσ |, cos γ = ε(Imσ )/[(Imσ )2 + D2]1/2, (11)

where ε = Reσ/|Reσ | = ±1.

To determine polarization vector U, we insert the relevant value

of σ into eq. (8), and then eq. (8) into eq. (4), solve eq. (4) for U k and

normalize the result so that UiUi = 1. Note that the normalization

does not contain multiplication by complex conjugate U ∗
i .

For more detailed explanations of the equations presented above,

and for numerical examples, see Červený & Pšenčı́k (2005a,b,

2006a,b).

3 T I M E - H A R M O N I C W E A K LY

I N H O M O G E N E O U S P L A N E WAV E S

I N H O M O G E N E O U S W E A K LY

D I S S I PAT I V E A N I S O T RO P I C M E D I A

The exact computation of inhomogeneous plane waves propagating

in viscoelastic anisotropic media is not difficult. It only requires

finding the complex-valued roots of the algebraic equation of the

sixth degree (9). Standard computer routines are available for such

a procedure.

In certain cases, however, the numerical solution of the algebraic

equation can be substituted by evaluating a simple analytical so-

lution. This is the case of wave propagation in special directions,

for which the algebraic equation of the sixth degree factorizes into

two equations, one of the fourth and the other of the second degree.

For example, for SH waves propagating in the plane of symmetry

of a monoclinic (orthorhombic, hexagonal) viscoelastic medium, it

is sufficient to solve a quadratic algebraic equation. Similarly, it is

sufficient to solve quadratic equations for P or S waves propagating

in isotropic viscoelastic media. In all these cases, exact solutions

can be expressed in an analytical form. See Červený & Pšenčı́k

(2005a,b,2006a).

In other cases, the algebraic equation of the sixth degree for σ

can be solved approximately, using the perturbation method. This

applies, for example, to weakly inhomogeneous plane waves prop-

agating in weakly dissipative media. We derive approximate pertur-

bation formulae for such cases in this section.

3.1 Reference (unperturbed) case

As a reference case, we consider a homogeneous plane wave (ref-

erence wave) propagating in a perfectly elastic anisotropic medium
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(reference medium) in the direction of vector n. The homoge-

neous plane waves with a real-valued slowness vector, propagating

in perfectly elastic anisotropic media have well-known properties

(Fedorov 1968; Musgrave 1970; Helbig 1994; Červený 2001), and

are easy to calculate. In what follows, we assume that all three waves

propagating in the anisotropic medium are well separated.

We denote the quantities corresponding to the reference case by

the upper index 0. As the reference medium is perfectly elastic, a0
ijkl

(or A0
αβ ) are real-valued. We assume that matrix A0

αβ is positive def-

inite. Since the plane wave propagating in the unperturbed medium

is homogeneous, D0 = 0. The generalized Christoffel matrix �0
ik in

the unperturbed medium is then given by the relation

�0
ik = a0

i jkl p0
j p0

l . (12)

The slowness vector p0 = P0 + iA0 of the homogeneous plane wave

propagating in the unperturbed medium, and the quantities related

to it, are given by expressions,

p0 = σ 0n, σ 0 = 1/C0, P0 = p0, A0 = 0. (13)

Here C0 is the real-valued phase velocity in the reference medium,

in the direction of the unit vector n. Quantity σ 0 is thus real valued.

Hereinafter, we consider only positive values of σ 0; the negative σ 0

would correspond to a plane wave propagating against n. Note that

quantity (C0)2 = 1/(σ 0)2 is an eigenvalue of the standard Christoffel

matrix �̄0
ik, �̄

0
ik = a0

i jkln j nl . The polarization vector U0 of the con-

sidered homogeneous wave is related to the Christoffel matrix �0
ik

by eq. (4):(
�0

ik − δik

)
U 0

k = 0. (14)

Here, as in eq. (4), we consider U0 to be normalized, U 0
i U 0

i = 1.

Attenuation vector A0 is zero, as both Im σ 0 and D0 are zero in the

reference medium, see eq. (10).

In the following derivations, we also need the energy–velocity

vector U 0 of a homogeneous plane wave propagating in the perfectly

elastic anisotropic reference medium. It is given by the relation:

U0
i = a0

i jkl p0
l U 0

j U 0
k , (15)

see Červený (2001, eq. 2.2.65). Another useful relation follows from

(15) and (14):

U0
i ni = C0. (16)

3.2 Perturbation of the slowness vector

The perturbed medium is assumed to be anisotropic and weakly

viscoelastic,

ai jkl = a0
i jkl + �ai jkl , �ai jkl = −iaI

i jkl (17)

or alternatively

Aαβ = A0
αβ + �Aαβ, �Aαβ = −iAI

αβ . (18)

We assume that the real-valued matrix AI
αβ is positive definite or

zero. If we considered the ‘+’ sign in the exponential factor of

eq. (1), the signs of �aijkl or of �Aαβ in eqs (17) or (18) should be

taken opposite. The assumption that AI
αβ is positive definite or zero

remains valid in both cases.

We now expand eq. (4) in the perturbed medium. We use the

notations:

�ik = �0
ik + ��ik, Uk = U 0

k + �Uk, (19)

where �� ik and �U k are the perturbations of �0
ik and U 0

k , respec-

tively. Then eq. (4) can be expressed as(
�0

ik + ��ik − δik

) (
U 0

k + �Uk

) = 0. (20)

Keeping only the first-order perturbations, we obtain

��ikU 0
k + (

�0
ik − δik

)
�Uk = 0. (21)

In deriving eq. (21), we have taken into account eq. (14). If we

multiply eq. (21) by U 0
i and take into account the symmetry of the

Christoffel matrix, the last term in eq. (21) vanishes due to eq. (14).

This yields a simple equation:

��ikU 0
i U 0

k = 0. (22)

This equation can be used to determine the perturbation �σ of σ 0,

σ = σ 0 + �σ. (23)

Using eqs (8) and (13), we obtain, for n fixed,

p = p0 + �p, where �p = n�σ + iDm. (24)

Here m is again an arbitrarily chosen unit vector perpendicular to

n, specifying with n the propagation–attenuation plane. The pertur-

bation �� ik of the generalized Christoffel matrix (12) is given by

the relation

��ik = �ai jkl p0
j p0

l + 2a0
i jkl (�σn j + iDm j )p0

l , (25)

where we have used (17), (23) and (24). Inserting eq. (25) into

eq. (22) yields

�ai jkl p0
j p0

l U 0
i U 0

k + 2a0
i jkl (�σn j + iDm j )p0

l U 0
i U 0

k = 0. (26)

Using eqs (15), (16) and �aijkl = − iaI
ijkl, see eq. (17), in eq. (26),

we obtain

−iaI
i jkl p0

j p0
l U 0

i U 0
k + 2C0�σ + 2iDU 0

j m j = 0. (27)

From eq. (27), we can easily obtain the expression for �σ we have

been looking for:

�σ = i(C0)−1

(
1

2
aI

i jkl p0
j p0

l U 0
i U 0

k − DU 0
j m j

)
. (28)

Note that �σ is a purely imaginary quantity. Thus, to determine,

approximately, the complex-valued quantity σ of a weakly inhomo-

geneous plane wave, propagating in a weakly dissipative anisotropic

medium, it is not necessary to solve the algebraic equation (9). It is

sufficient to use eq. (23), where σ 0 is given by eq. (13) and �σ by

eq. (28). Once the approximate value of σ is known, eq. (8) can be

used to determine slowness vector p approximately.

Propagation vector P and attenuation vector A in the perturbed

case can be determined from eq. (10). We obtain

P = P0 = n|Reσ 0| = n/C0, (29)

A = n

C0

(
aI

i jkl p0
j p0

l U 0
i U 0

k

2
− DU0

j m j

)
+ Dm. (30)

The perturbed propagation vector P is the same as the unper-

turbed propagation vector P0, if only first-order perturbations are

considered, see eq. (29). The perturbed attenuation vector A, how-

ever, differs significantly from the unperturbed attenuation vector

A0 =0, see eq. (30). It has non-zero components to n and m, and

depends on aI
ijkl and D. Note that to determine perturbation �σ and

A using eqs (28) and (30), it is not necessary to know perturbation

�U.
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Attenuation vector A, given by eq. (30), can be used to cal-

culate approximately the dissipation of a weakly inhomogeneous

plane wave, propagating in a weakly dissipative medium, specified

by complex-valued viscoelastic moduli aijkl = aR
ijkl − iaI

ijkl. Equa-

tion (30) for A can be altered to read:

A = n
Ain

2C0
+ D

[
m − n

(U 0 · m)

C0

]
, (31)

where Ain is given by the relation:

Ain = aI
i jkl p0

j p0
l U 0

i U 0
k (32)

or alternatively

Ain = (C0)−2aI
i jkln j nlU

0
i U 0

k . (33)

Quantity Ain is real valued and always non-negative, as AI
αβ is pos-

itive definite or zero. We call quantity Ain , given by eq. (32) or

(33), the intrinsic attenuation factor because it does not depend on

inhomogeneity parameter D; it depends on material (intrinsic) dissi-

pation properties aI
ijkl only, regardless of the considered wave being

homogeneous or inhomogeneous. For viscoelastic isotropic media,

the intrinsic attenuation factor Ain equals Q−1, where Q is the well-

known quality factor, see, for example, Aki & Richards (1980).

Eqs (32) and (33) thus offer a simple and straightforward general-

ization of quality factor Q for anisotropic attenuating media. More

details are given later.

Eq. (31) shows that the attenuation vector A depends both on the

intrinsic dissipation parameters aI
ijkl, hidden in the intrinsic attenu-

ation factor Ain , and on inhomogeneity parameter D of the plane

wave under consideration. By taking the scalar product of attenua-

tion vector A, given by eq. (31) and of energy–velocity vector U 0,

given by (15), we obtain a surprisingly simple result for Ain :

Ain = 2A · U 0. (34)

Thus, the intrinsic attenuation factor Ain, which is not influenced by

the inhomogeneity of the wave under consideration, can be deter-

mined by computing the amplitude decay along the direction of the

reference energy–velocity vector U 0. In the terminology of the ray

method, this means the computation of the amplitude decay along
a reference ray. Although eq. (34) is only approximate, it is very

general. It is valid for P, S1 and S2 homogeneous or inhomogeneous

plane waves propagating in homogeneous, isotropic or anisotropic,

viscoelastic media. In order to obtain the intrinsic attenuation factor

Ain in a weakly dissipative medium, it is not necessary to check if

the considered plane wave is homogeneous or inhomogeneous. The

homogeneity or weak inhomogeneity of the plane wave in such a

medium plays no role in the determination of the intrinsic attenua-

tion factor Ain since the term containing inhomogeneity parameter

D is automatically eliminated by multiplying attenuation vector A
with vector U 0, see eq. (34). Although A varies with varying D,

scalar product A · U 0 remains the same and independent of D for

weakly dissipative media.

It is interesting to note that the relations for the intrinsic attenu-

ation factor (32) or (33) are also valid for arbitrary high-frequency

elementary waves with curved wave fronts, including waves gen-

erated by point sources, propagating in heterogeneous, isotropic

or anisotropic, weakly dissipative media. This has been proved

by Gajewski & Pšenčı́k (1992, eq. 7), see also Červený (2001,

eq. 5.5.28). In their ray theory treatment of high-frequency waves

propagating in weakly dissipative anisotropic media, Gajewski &

Pšenčı́k (1992) found the equation for quality factor Q = 1/Ain,

with Ain given by eq. (32). Eq. (34) shows that their result remains

valid even for arbitrary weakly inhomogeneous waves although in-

homogeneous waves were not explicitly considered in their study.

Let us mention that a detailed discussion of the intrinsic attenu-

ation (not depending on D) of inhomogeneous plane waves propa-

gating in orthorhombic, weakly dissipative media, based on numer-

ical studies can also be found in Deschamps & Assouline (2000).

They showed that the quantity, called the intrinsic attenuation fac-

tor here, of a weakly inhomogeneous plane wave propagating in a

weakly dissipative medium does not depend on the inhomogeneity

of the wave under consideration if the attenuation is measured along

the direction of the Poynting vector (i.e. along the energy–velocity

vector).

3.3 Perturbation of polarization vectors

If we wish to know the displacement vector u in the perturbed

medium, it is not sufficient to determine the perturbation �p of the

slowness vector, see eqs (24) and (28), but also the perturbation �U
of the polarization vector. In a general anisotropic medium, there are

three plane waves, propagating in the given direction n, namely P,

S1 and S2 waves. Let us emphasize again that we are assuming that

the three waves propagate separately. We denote their polarization

vectors by U(1), U(2)and U(3), and number them arbitrarily. We can

expand the polarization vectors as

U(m) = U(m)0 + �U(m), (35)

where U(m)0 are the unperturbed polarization vectors and �U(m) are

their perturbations. Polarization vectors U(m)0 are real-valued, unit

and mutually perpendicular so that they satisfy the relation:

U(m)0 · U(n)0 = δmn . (36)

We require that the perturbed, complex-valued polarization vectors

U(m) are also unit:

U(m) · U(m) = 1 (37)

(no summation over m), but they do not need to be mutually per-

pendicular. Inserting eq. (35) into eq. (37), and keeping only the

first-order terms, we obtain

U(m) · U(m) = U(m)0 · U(m)0 + 2U(m)0 · �U(m) (38)

(no summation over m). The requirement (37) then yields

U(m)0 · �U(m) = 0 (39)

(no summation over m). This means that the first-order perturbation

�U(m) of U(m)0 must be perpendicular to U(m)0.

Let us now select one of the plane waves and specify it by m =
1. Due to eq. (39), perturbation �U(1) can be expressed in the fol-

lowing form:

�U(1) = αU(2)0 + βU(3)0, (40)

where α and β are first-order perturbation quantities. Eq. (21) for

the selected wave reads,

��
(1)
ik U (1)0

k + (
�

(1)0
ik − δik

)
�U (1)

k = 0. (41)

Matrices ��
(1)
ik and �

(1)0
ik again correspond to the selected wave.

Matrix ��
(1)
ik is given by (25) and �

(1)0
ik by (12). Inserting eq. (40)

into eq. (41) yields

��
(1)
ik U (1)0

k + (
�

(1)0
ik − δik

)(
αU (2)0

k + βU (3)0
k

) = 0. (42)
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We first determine α; the determination of β is analogous. Multi-

plying eq. (42) by U (2)0
i yields,

��
(1)
ik U (1)0

k U (2)0
i + α

[
�

(1)0
ik U (2)0

k U (2)0
i − U (2)0

i U (2)0
i

]
+ β

[
�

(1)0
ik U (3)0

k U (2)0
i − U (3)0

i U (2)0
i

] = 0. (43)

Let us discuss the individual terms in eq. (43). Due to eq. (36),

we have U (2)0
i U (2)0

i = 1 and U (3)0
i U (2)0

i = 0. Quantity �
(1)0
ik can be

expressed in terms of �
(2)0
ik ,

�
(1)0
ik = [

C(2)0/C(1)0
]2

�
(2)0
ik , (44)

as the two quantities differ only in the components of slowness

vector p(m)0 = n/C(m)0. Then

�
(1)0
ik U (2)0

k U (2)0
i = [

C(2)0/C(1)0
]2

�
(2)0
ik U (2)0

k U (2)0
i = [

C(2)0/C(1)0
]2

,

�
(1)0
ik U (3)0

k U (2)0
i = 0. (45)

In eq. (45) we have used eq. (14). Inserting the preceding equations

into eq. (43) yields

��
(1)
ik U (1)0

k U (2)0
i + α

{[
C(2)0/C(1)0

]2 − 1
}

= 0. (46)

A similar equation for β can be obtained quite analogously by mul-

tiplying eq. (42) by U (3)0
i . From both equations, we obtain

α = ��
(1)
ik U (1)0

k U (2)0
i

1 − [
C(2)0/C(1)0

]2
, β = ��

(1)
ik U (1)0

k U (3)0
i

1 − [
C(3)0/C(1)0

]2
. (47)

Inserting eqs (47) into eq. (40), we obtain the final expression for

�U (1)
k :

�U (1)
k = ��

(1)
i j U (2)0

i U (1)0
j

1 − [
C(2)0/C(1)0

]2
U (2)0

k + ��
(1)
i j U (3)0

i U (1)0
j

1 − [
C(3)0/C(1)0

]2
U (3)0

k . (48)

Note that the methods of calculating polarization vectors U(m)0 and

phase velocities C(m)0 in perfectly elastic anisotropic media are well

known, see, for example, Červený (2001, p. 152).

All quantities in eq. (48) are real-valued, except ��
(1)
i j , which

is imaginary-valued, see eq. (25) with eqs (17) and (28). Thus the

first-order perturbations of polarization vectors U(1), U(2) and U(3)

are imaginary valued for all three plane waves propagating in vis-

coelastic anisotropic media. In this way, perturbation (17) (or 18)

causes non-linear polarization of plane waves in viscoelastic media,

regardless of the waves being homogeneous (D = 0) or inhomo-

geneous (D �= 0). Another consequence of the fact that �U(1) is

purely imaginary is the equality of the perturbed and unperturbed

time-harmonic energy–velocity vector U = U 0, see Červený &

Pšenčı́k (2006a). In the first-order approximation, eq. (34) can be

thus interpreted as follows. The intrinsic attenuation factor Ain can

be determined by computing the amplitude decay along the ray of

the considered wave.

The final equation for polarization vector U(1) in the perturbed

medium reads:

U (1)
k = U (1)0

k + ��
(1)
i j U (2)0

i U (1)0
j

1 − [
C(2)0/C(1)0

]2
U (2)0

k + ��
(1)
i j U (3)0

i U (1)0
j

1 − [
C(3)0/C(1)0

]2
U (3)0

k .

(49)

As the first term of eq. (49) is real valued and the second and third are

imaginary valued, the expression for U(1) is complex valued. Con-

sequently, polarization vector U(1) is a unit, complex-valued vector.

For D zero, polarization vectors U(1), U(2) and U(3) are mutually

perpendicular, for D non-zero, they are not.

Equation (49) becomes inaccurate if C(1)0 approaches C(2)0 or

C(3)0, and completely useless if C(1)0 equals either C(2)0 or C(3)0. This

may happen, for example, in the case of shear waves in the vicinity

of shear wave singularities. In such a case, referred to as degenerate,

it is necessary to use a more sophisticated method to determine �U,

see, for example, Jech & Pšenčı́k (1989).

4 N U M E R I C A L E X A M P L E S

In this section we present and discuss the comparison of results

based on the mixed specification of the slowness vector given by

eq. (8) with σ determined exactly by the numerical solution of eq. (9)

and approximately from eqs (23), (13) and (28). We consider both

homogeneous and inhomogeneous plane waves propagating in the

model of an anisotropic viscoelastic medium described below. The

model was proposed by Jakobsen et al. (2003) and used by Červený

& Pšenčı́k (2005b,2006a,b). As in the previous papers, we again

choose the model corresponding to the frequency of approximately

35 Hz. For simplicity, we consider the density to be 1000 kg m−3. The

6 × 6 matrix of complex-valued, density-normalized viscoelastic

moduli AC in the Voigt notation, measured in (km s−1)2, reads:

AC = A1 − iA2, (50)

where

A1 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

46.631 5.983 4.278 0. 0. 0.

46.631 4.278 0. 0. 0.

19.931 0. 0. 0.

13.444 0. 0.

13.444 0.

20.324

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

and

A2 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

0.033 0.022 0.156 0. 0. 0.

0.033 0.156 0. 0. 0.

1.312 0. 0. 0.

0.055 0. 0.

0.055 0.

0.005

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

.

Note that both matrices A1 and A2 are positive definite. Matrix A1

corresponds to an anisotropic medium of hexagonal symmetry with

a vertical axis of symmetry, which represents the direction of the

kiss singularity.

The most important feature of matrix A2 is the extremely large

value of (A2)33 and small values of (A2)44, (A2)55 and (A2)66. They

indicate that the attenuation of SH waves is considerably smaller

than the attenuation of P and SV waves.

Below we compare quantity Im σ , that is, the projection of atten-

uation vector A into vector n, and the polarization vectors U calcu-

lated by exact and approximate formulae, presented and derived in

the preceding sections. As in previous studies, we concentrate on

P, S1 and S2 plane waves propagating in the plane of symmetry of

the medium specified in (50). We first study Im σ as a function of

direction n for several fixed values of inhomogeneity parameter D
which is measured in s km−1. Then we study Im σ as a function of

D, for several directions of n. Finally, we study the polarization as a

function of n for several values of D. The polar diagrams presented

in this section are related to the direction of unit vector n, parallel to

the propagation vector P. Vector n is parametrized by propagation

angle i ; n ≡ (sin i , 0, cos i), with i = 00 upwards and i = 900 to the

right.
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Figure 1. Polar diagrams of Im σ (s km−1) for the fastest plane wave (P wave) in a plane of symmetry of the medium (eq. 50) for D = 0 (homogeneous wave),

0.01, 0.02 and 0.05 s km−1. Violet: exact computations, solution of eq. (9); red: approximate computations, eqs (23) and (28). Observable differences only for

D = 0.05 s km−1.

4.1 Approximate and exact Im σ

In Fig. 1, we present P-wave (fastest wave) polar diagrams of

Im σ = A · n for four values of D: D = 0 (homogeneous wave),

D = 0.01, 0.02 and 0.05 s km−1. The red colour is reserved for the

approximate, first-order, results obtained from eqs (23) and (28).

Violet is used to denote the exact results, obtained by solving the

algebraic equation (9) numerically. The approximate results are plot-

ted over the exact ones, therefore, due to the perfect fit of the approx-

imate and exact results for smaller values of D, the red colour is the

prevailing colour of the plots. Slight differences between exact and

approximate results can be observed only for D = 0.05 s km−1. In all

plots we can observe the strong directivity of Im σ , which could be

observed for several other quantities related to Im σ , including the

intrinsic attenuation factorAin, whereAin = 2[C0Imσ+D(U 0·m)].

For more details on the behaviour of Im σ , see Červený & Pšenčı́k

(2005b).

Fig. 2 shows the same as Fig. 1 but for S waves. Both S waves

are denoted by the same colour, blue for the approximate results

and green for the exact ones. Again, the approximate results are

plotted over the exact ones. Therefore, due to the perfect fit of the

approximate and exact results, blue is the prevailing colour. For

D = 0.01 and 0.02 s km−1, each of the two S waves has four lobes.

For D = 0.05 s km−1, the number of lobes of the SH wave remains

four, but the SV wave has as many as eight. As explained by Červený

& Pšenčı́k (2005b), the increased number of lobes is related to the

intersection of the phase-velocity sheets of both S waves. The plot

for D = 0.05 s km−1 in Fig. 2 is complicated even more by the

differences in the plots of the exact and approximate results. In

contrast to P waves, slight differences of approximate and exact

results can be observed already for D = 0.02 s km−1. For more

details on the behaviour of Im σ , see again Červený & Pšenčı́k

(2005b).

From Figs 1 and 2, we can conclude that the approximate formula

for Im σ yields, upto |D| = 0.02 s km−1, results, which are nearly

identical with the exact ones for the model under consideration.

The range of parameter |D|, for which the fit is perfect, can even be

extended to |D| = 0.05 s km−1 if we concentrate on angles of prop-

agation different from 00, which corresponds to the kiss singularity

of A1.

The latter observation is confirmed by the results shown in Fig. 3,

where the dependence of Im σ on D is shown for three propagation
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Figure 2. Polar diagrams of Im σ (s km−1) for the slower plane waves (S waves) in a plane of symmetry of the medium (eq. 50) for D = 0 (homogeneous

wave), 0.01, 0.02 and 0.05 s km−1. Green: exact computations, solution of eq. (9); blue: approximate computations, eqs (23) and (28). Observable differences

slight for D = 0.02, more significant for D = 0.05 s km−1. Note the complicated diagram for D = 0.05 s km−1, caused by the eight lobes of the SV wave (in

contrast to four lobes in the remaining plots).

angles, 250, 450 and 650. The colour code is the same as in Figs 1

and 2. We can see that the fit of the approximate and exact results im-

proves with increasing value of the angle of propagation. For angles

of propagation close to 00 (not shown here), that is, for directions

close to the direction of the kiss singularity of the corresponding

perfectly elastic medium (see A1 in eq. 50), the interval of |D| with

perfect fit shrinks. Note that the approximate and exact curves cor-

responding to one of the S waves (specifically SH) coincide in the

whole interval of D shown in Fig. 3.

4.2 Intrinsic attenuation factor

Fig. 4 shows the intrinsic attenuation factor Ain of all three waves

considered in the previous figures, in the plane of symmetry of the

medium specified in (50). The red colour denotes the P wave, the

blue colour the SV wave; the black colour the SH wave. Let us

emphasize that Fig. 4 holds for homogeneous as well as weakly in-

homogeneous plane waves. We can see the significant similarity with

the plots for D = 0 s km−1 in Figs 1 and 2. This similarity follows

from the above-mentioned relation Ain = 2[C0Imσ + D(U 0 · m)].

Since Fig. 4 is the same for any small value of D, including D =
0 s km−1, we can see that, for D = 0,Ain differs from Im σ only by

factor 2C0. Note that the angular variation ofC0 is only moderate, see

Červený & Pšenčı́k (2005b), which means that factor 2C0 is nearly

constant. Fig. 4 clearly shows that in the plane of symmetry of the

medium (50), the intrinsic attenuation of the P wave is maximum

along the axis of symmetry and minimum in the direction perpen-

dicular to it. Note that the maximum value of the P-wave intrinsic

attenuation factor Ain is larger than the maximum value of Ain of

the SV wave. The SH-wave attenuation behaves like the P-wave at-

tenuation, but it is considerably weaker. The SV -wave attenuation is

minimum along the axis of symmetry and in the direction perpen-

dicular to it. It is maximum in between. The above properties of Ain

are the consequence of the large value of (A2)33 and small values of

(A2)44, (A2)55 and (A2)66.

4.3 Approximate and exact polarization vectors

Figs 5 and 6 show the comparison of approximate (top) and exact

(bottom) particle motion diagrams corresponding to homogeneous
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Figure 3. Variations with D of Im σ (s km−1) of plane P and S waves in a

plane of symmetry of the medium (eq. 50) for propagation angles i = 250

(bottom), 450 (middle) and 650 (top). Violet and green: exact computations

for P waves and S waves, respectively, solution of eq. (9); red and blue:

approximate computations for P and S waves, respectively, eqs (23) and

(28).
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Figure 4. Intrinsic attenuation factor Ain. Red: P wave; blue: SV wave and

black: SH wave.
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Figure 5. Comparison of exact (bottom) and approximate (top) polar dia-

grams of the particle motion in a plane of symmetry of the medium (eq. 50)

for D = 0 s km−1 (homogeneous wave). Red: P wave; blue: SV wave;

SH-wave polarization is perpendicular to the plots.

waves (D = 0 s km−1) and inhomogeneous waves (D = 0.05 s km−1).

The red colour is used to denote P waves, the blue the slower of the

S waves, mostly SV waves, and the black the faster of the S waves,

mostly SH waves. Note that for propagation directions close to the

vertical, the SV wave becomes faster than the SH wave, see Červený

& Pšenčı́k (2005b). The particle motion of SH waves, which are

polarized linearly, is perpendicular to the plane of the plots. We

can see good overall coincidence of the approximate and exact re-

sults. Nevertheless, some small differences can be found even for
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Figure 6. Comparison of exact (bottom) and approximate (top) polar dia-

grams of the particle motion in a plane of symmetry of the medium (eq. 50)

for D = 0.05 s km−1. Red: P wave; blue: SV wave and black: SH wave

polarized perpendicularly to the plots.

homogeneous waves, see Fig. 5. The ellipticity of the polarization

calculated approximately is slightly smaller than in the exact case.

The situation is opposite for inhomogeneous waves, see Fig. 6. The

non-symmetry of plots with respect to the vertical is less pronounced

in the approximate results than in the exact ones. For more details

about the polarization of plane waves in viscoelastic anisotropic me-

dia, see, for example, Červený & Pšenčı́k (2006b). Note the strong

elliptical polarization for D = 0.05 s km−1, which indicates that al-

ready for such a small value of D, the behaviour of the corresponding

waves deviates rather strongly from the behaviour of a homogeneous

wave. This is why we did not consider higher values of D than

0.05 s km−1 in the numerical tests and why we can consider plane

waves with the value of the inhomogeneity parameter |D| less than

0.05 s km−1 as weakly inhomogeneous.

5 C O N C L U S I O N S

The perturbation method was used to derive approximate expres-

sions for the slowness and polarization vectors of P, S1 and S2
weakly inhomogeneous plane waves propagating in a generally

anisotropic, weakly attenuating medium. As an unperturbed case,

homogeneous plane waves with a real-valued slowness vector, prop-

agating in a generally anisotropic, perfectly elastic medium were

considered. It was found that in the first-order approximation, the

weak inhomogeneity of the considered waves and the weak intrinsic

dissipation of the medium have no effect on the propagation vector.

The attenuation vector, on the contrary, depends, in the first-order

approximation, both on the intrinsic dissipation and on the inhomo-

geneity of the considered wave.

It was shown that the scalar product of the attenuation vector

and of the direction of the energy–velocity vector yields a quan-

tity, which is independent of the inhomogeneity of the wave. We

introduced the so-called intrinsic attenuation factor Ain, which is

proportional to this quantity and since it depends only on intrinsic

dissipation, it can be used to characterize the material properties

of the medium through which the waves propagate. The intrinsic

attenuation factor can be determined by simply computing the am-

plitude decay along the direction of the energy–velocity vector, that

is, along the direction of the ray. As the results of the numerical

test in Fig. 4 indicate, the intrinsic attenuation factor displays strong

directivity, a property, which can be utilized in the inversion.

The approximate formulae for the slowness and polarization vec-

tors were tested by comparing approximate and exact results. The

tests have shown that the approximate results are nearly identical

with the exact ones for the values of the inhomogeneity parameter

D in the interval of (−0.02, 0.02), sometimes even (−0.05, 0.05) s

km−1, for the model under consideration. Since we consider waves

whose D is less than 0.05 s km−1 to be weakly inhomogeneous, see

Section 4.3, this means that the approximate formulae can be used

instead of the exact ones for weakly inhomogeneous waves without

limitations.

In isotropic viscoelastic media, the intrinsic attenuation fac-

tor is closely related to the well-known quality factor Q. In fact,

Ain = Q−1. This offers a straightforward extension of the defini-

tion of the quality factor for anisotropic viscoelastic media. The

Q factor, defined in this way, is independent of the inhomogeneity

of waves and describes only the intrinsic material properties. This

distinguishes it from, for example, the definition of the Q factor

introduced by Krebes & Le (1994), in which Q also depends on the

inhomogeneity of a considered wave. For inhomogeneous waves,

such a definition of Q leads to the irregular behaviour described by

Krebes & Le (1994). The definition of Q as Q−1 = Ain, whereAin is

given by (32) removes the mentioned problems. This definition may

also represent an alternative to other definitions of the Q factor for

viscoelastic anisotropic media, which appear in the literature, see,

for example, Zhu & Tsvankin (2006, 2007), Zhu et al. (2007). A

detailed study of the behaviour of the Q factor defined in the above

manner will be published elsewhere.

Another desirable future step is to generalize the above results

for elementary high-frequency inhomogeneous waves propagating
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in heterogeneous anisotropic, weakly dissipative media. The great

advantage of such an approach is that it will not require time-

consuming and complicated complex-valued ray tracing, necessary

in inhomogeneous viscoelastic anisotropic media, see, for exam-

ple, Thomson (1997). Just the standard real-valued ray tracing in

the reference, perfectly elastic, anisotropic medium, will be suffi-

cient. Similarly as other quantities in the ray method, also the quality

factor Q, determined along the ray, will be only approximate, and

will have the local character in heterogeneous media, see Gajewski

& Pšenčı́k (1992). For a more detailed treatment, based on the first-

order perturbation method, see Červený et al. (2007).

The perturbation formula for the slowness vector presented in

this paper may also find applications in the solution of the prob-

lem of reflection and transmission of homogeneous and inhomoge-

neous plane waves at a plane interface separating two homogeneous,

viscoelastic, isotropic or anisotropic media. More specifically, the

perturbation formula may be used in the determination of slow-

ness vectors of individual reflected and transmitted waves from the

slowness vector of the incident wave, see Červený (2007). As a

whole, the problem of reflection and transmission of plane waves at a

plane interface between two homogeneous, viscoelastic, isotropic or

anisotropic media is, however, far from being solved. The main dif-

ficulty consists in the selection of solutions corresponding to waves

propagating outwards and towards the interface. Another difficulty

is caused by the existence of strongly inhomogeneous waves (post-

critical transmission). For a review of the problems, see Krebes &

Daley (2007).
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Červený V. & Jech, J., 1982. Linearized solutions of kinematic problems

of seismic body waves in inhomogeneous slightly anisotropic media, J.
Geophys., 51, 96–104.
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