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Particle motion of homogeneous and inhomogeneous time-harmonic plane waves propagating in unbounded viscoelastic anisotropic media is generally elliptical. Exception is linear
polarization of P and S waves propagating along some specific directions. A typical example
is a linear polarization of SH waves propagating in a plane of symmetry of a viscoelastic
anisotropic medium. Two most important characteristics of the particle motion are the
orientation of the axes of the polarization ellipse and its eccentricity. They both usually vary
considerably with the direction of wavefront propagation, and with varying strength of
inhomogeneity of the considered plane wave. The orientation of the P-wave polarization
ellipse generally differs from the direction of wavefront propagation, and it is usually closer
to the direction of the energy flux. The orientation of the polarization ellipses of S waves
often differs from the direction perpendicular to the wavefront propagation, and it is usually
closer to the direction perpendicular to the direction of the energy flux. The eccentricity of
the polarization ellipse depends particularly strongly on the inhomogeneity of the plane
wave. For homogeneous plane waves, the particle motion is usually nearly linear, i.e.,
polarization ellipses have large eccentricity, and the eccentricity decreases with increasing
inhomogeneity of the wave. For strongly inhomogeneous plane waves, the polarization ellipse
becomes nearly circular, eccentricity being very small. The eccentricity of the polarization
ellipse usually also decreases in the vicinity of singular directions.
Viscoelastic anisotropic medium, polarization, homogeneous and inhomogeneous plane waves

INTRODUCTION
We investigate the particle motion of homogeneous and inhomogeneous time-harmonic plane waves
propagating in an unbounded viscoelastic anisotropic medium in an arbitrarily specified direction. The plane wave
is specified by the relation
uj (xk, t) = Uj exp [−iω(t − pn xn)],

(1)

where xk are Cartesian coordinates, uj, pj, and Uj are Cartesian components of the complex-valued displacement
vector u, slowness vector p and amplitude vector U, respectively. Moreover, t is time and ω is a fixed, positive
real-valued circular frequency. Equation (1) represents a plane wave if, and only if, Uj and pj are chosen in such
a way that (1) satisfies the equation of motion. This requirement yields a system of three linear equations for U1,
U2, and U3:
aijkl pj pl Uk = Ui, i = 1, 2, 3.

(2)

Here aijkl are complex-valued, frequency-dependent, density-normalized viscoelastic moduli. We assume that they
satisfy the symmetry relations aijkl = ajikl = aijlk = aklij. The corresponding 6×6 matrix A of density-normalized
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viscoelastic moduli in the Voigt notation has Re A positive definite and − Im A positive definite or zero. The
condition of solvability of the system of equations (2) reads
det [aijkl pj pl − δik] = 0.

(3)

Constraint relation (3) can be used to determine the slowness vector p. When the relevant complex-valued
slowness vector p is determined, it can be used in Equation (2) to calculate the amplitude vector U, from which
the particle motion can be determined.
1. DETERMINATION OF THE SLOWNESS VECTOR p AND THE AMPLITUDE VECTOR U
The basic obstacle in studying particle motion of the plane wave (1) in viscoelastic anisotropic media is not
the solution of Eq. (2) for U, but the determination of the slowness vector p, which satisfies (3). Commonly, the
slowness vector is specified in the form pi = Pi + iAi, where Pi is the real-valued propagation vector (perpendicular
to the wavefront), oriented in the direction of the propagation of the wavefront, and Ai is the real-valued attenuation
vector (perpendicular to the plane of constant amplitude), oriented in the direction of the maximum decay of
amplitudes. If Ai is parallel to Pi, the plane wave is called homogeneous, and if Ai and Pi make a nonzero angle,
called the attenuation angle, the plane wave is called inhomogeneous. By introducing real-valued unit vectors
N = P/| P| and M = A/| A|, we can seek the slowness vector p in the form:
pi = C −1(Ni + iδMi),

(4)

where Ni and Mi are assumed to be known, C is the real-valued phase velocity, and the quantity δ is an additional
real-valued constant. The phase velocity C and δ are sought parameters. They can be determined from the equation
obtained by inserting (4) into (3). Specification (4) is a generalization of the specification pi = C –1Ni, used broadly
in perfectly elastic anisotropic media, which leads to the conventional eigenvalue problem for a 3×3 real-valued
Christoffel matrix Γik = aijklNjNl. See, for example, [1–6]. Specification (4) has been broadly used to study
inhomogeneous plane waves propagating in viscoelastic isotropic media, see for example, [1, 7–11]. Equation (4)
can also be used for homogeneous plane waves (Ni = Mi) propagating in viscoelastic anisotropic media. Then
pi = C −1(1 + iδ)Ni. For inhomogeneous plane waves propagating in viscoelastic anisotropic media, however, Eqs. (3)
and (4) yield a system of two coupled polynomial equations for C2 and δ, which are of the third degree in C2
and of the sixth degree in δ. Simpler systems of equations are obtained only for simpler cases like SH waves
propagating in a plane of symmetry [9, 12–15]. An additional disadvantage of the system of equations based on
the specification (4) is that for viscoelastic anisotropic media it yields C2 < 0 for certain combinations of N and
M. For discussion of this physically unacceptable result see [13, 14].
More convenient specification of the slowness vector, useful both in perfectly elastic and viscoelastic
anisotropic media, reads:
pi = σni + pΣi with pΣ
i ⋅nk = 0.

(5)

Here n is a real-valued unit vector and p Σ is a complex-valued vector, perpendicular to n. For n and p Σ given,
the scalar complex-valued quantity σ can be determined by solving an equation resulting from insertion of (5) into
(3). The equation for σ is an algebraic equation of the sixth degree, with complex-valued coefficients. Alternatively,
σ can be determined as an eigenvalue of a 6×6 complex-valued matrix. Specification (5) has been broadly used
to calculate slowness vectors of waves generated by reflection/transmission at a plane interface separating perfectly
elastic anisotropic media [4, 16, 17], and in the computation of displacement-stress (or velocity-stress) propagator
matrices in 1-D isotropic and anisotropic structures [18–23]. In some of the mentioned references, viscoelastic
media are also considered. An approach similar to the latter one, usually called Stroh formalism, was proposed
by Stroh [24]. Stroh formalism has been applied to plane waves propagating in perfectly elastic, viscoelastic and
thermoviscoelastic anisotropic media [25–27] and to the problems of reflection/transmission of plane waves at a
plane interface separating viscoelastic anisotropic media [28].
Most suitable specification of the slowness vector for study of homogeneous and inhomogeneous plane waves
propagating in a given direction n (perpendicular to the wavefront) in unbounded viscoelastic anisotropic media
is the so-called mixed specification [29–31]:
pi = σni + iDmi with nk⋅mk = 0.
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Equation (6) is a special case of (5), with p Σ purely imaginary. In (6), n and m are real-valued, mutually
perpendicular unit vectors. It is obvious that the vector n is parallel to the propagation vector P so that n is also
perpendicular to the wavefront. The two vectors, n and m specify the so-called propagation-attenuation plane Σ||.
The vectors P and A are situated in it. The scalar real-valued parameter D (−∞ < D < ∞), is a so-called
inhomogeneity parameter; |D| is a measure of the inhomogeneity of a plane wave. The plane wave is homogeneous
if D = 0 and inhomogeneous if D ≠ 0. The vectors n and m, and the inhomogeneity parameter D represent the
parameters of the plane wave under consideration, and may be chosen arbitrarily.
The complex-valued scalar quantity σ in (6) is a quantity to be determined. Algebraic equation for σ can be
obtained by inserting (6) into (3):
det [aijkl (σnj + iDmj) (σnl + iDml) − δik] = 0.

(7)

Equation (7) is of the sixth degree with complex-valued coefficients. Its six roots correspond to three
plane-wave modes, P, S1 and S2, propagating along and against n. In special cases, particularly in planes of
symmetry, Eq. (7) can be factorized to equations of the fourth and second degree, and their solutions can be sought
analytically.
Once Eq. (7) is solved for σ, the relevant slowness vector can be determined from (6), and the system (2)
can be solved for U. The amplitude vector inserted into (1) yields complex-valued displacement vector u. In the
following numerical examples we study particle motion of plane waves propagating in viscoelastic anisotropic
media. Particle motion is defined as the locus of the end points of the real-valued displacement vector Reu(xk, t)
at xk for t varying. From (1) we get
Reuj (xk, t) = (ReUj) cos [ω(t − pm xm)] − (ImUj) sin [ω(t − pm xm)].

(8)

2. NUMERICAL EXAMPLES. PARTICLE MOTION DIAGRAMS
Here we investigate numerically the polarization of homogeneous and inhomogeneous plane P, S1 and S2
waves propagating in an unbounded viscoelastic anisotropic medium. Five different models are used: a) Model
MJ of Jakobsen et al. [32] of a viscoelastic medium of hexagonal symmetry; b) Model MJ ELAST corresponding
to the model MJ, but with zero imaginary parts of viscoelastic moduli; c) Model MJ ROT corresponding to the
rotated model MJ; d) Model ORTHO, in which the real parts of viscoelastic moduli correspond to a perfectly
elastic orthorhombic model of Schoenberg and Helbig [33], and imaginary parts are taken as in the model MJ; e)
Model ORTHO ELAST, corresponding to the model of Schoenberg and Helbig .
Model MJ. We consider plane waves propagating in a medium of hexagonal symmetry whose complex-valued
moduli were obtained by Jakobsen et al. [32]. We choose the model corresponding to the frequency of approximately
35 Hz and consider the density of 1000 kg/m3. The 6×6 matrix A of complex-valued, density-normalized viscoelastic
moduli of hexagonal symmetry with vertical axis of symmetry, measured in (km/s)2, reads:
A = A 1 − iA 2,

(9)

0
0
46.631 5.983 4.278
0

0
4.278
0
0
46.631

0
19.931
0
0

A1 = 
0
13.444
0

13.444
0



20.324



(10)

0
0
0.033 0.022 0.156
0


0
0.156
0
0
0.033


0
1.312
0
0

A2 = 
.
0
0.055
0

0.055
0


0.005


(11)

where

and
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Note that the matrices A1 and A2 are positively definite and the matrix A1 exhibits the kiss singularity along
the vertical.
We study plane waves whose propagation-attenuation plane Σ|| coincides with a vertical symmetry plane
ΣS, and it is parallel to the plane (x, z). The components of the unit vectors n and m can thus be expressed as
n1 = sin i, n2 = 0, n3 = cos i, m1 = cos i, m2 = 0, m3 = − sin i,

(12)

where i is called the propagation angle.
For a better insight, we start with plots of the phase velocity of the P and S waves as functions of the
propagation angle i in the symmetry plane ΣS. We use the form of polar plots, in which i = 0° upwards, i = 90°
to the right, see (12). In Fig. 1, phase velocity polar graphs for four values of the inhomogeneity parameter D,
D = 0 (homogeneous wave), D = 0.057, D = 0.059, and D = 0.2, are shown. For D = 0, the phase velocities are
symmetric with respect to the vertical axis. The phase-velocity surface corresponding to the fastest wave is separated
from the remaining velocity surfaces and corresponds to the P wave. The higher of the remaining velocities
corresponds to the SH wave (see particle motion diagrams in Fig. 2), the slower to the SV wave. Both S-wave
phase velocities touch on the vertical axis. For increasing values of D, the P-wave and SV-wave phase velocity
curves deform (D = 0.057) close to the vertical axis and approach each other. The SV-wave phase velocity curve
intersects the SH-wave curve. The phase velocities are no more symmetric with respect to the vertical axis. With
increasing D, the curves of the P- and SV-wave velocities get into contact, i.e., for the corresponding propagation
angle i (which is nonzero), the P and SV waves propagate with the same phase velocity. With further increase of
D, the phase velocities decrease (they become zero for |D| → ∞) and all three phase-velocity curves become nearly
indistinguishable. In viscoelastic or perfectly elastic isotropic media, the relevant curves of phase velocities of both
P and S waves would be circular.
In the following plots of particle motion thickness of curves in the plots differs according to the phase velocity
of the considered wave. The thickest curves correspond to the fastest, thinner to the intermediate and thin to the
slowest wave. In the propagation-attenuation plane coinciding with ΣS, the SH plane waves are polarized linearly,
in the direction perpendicular to Σ||. The particle motion diagrams in the propagation-attenuation plane correspond
to P and SV waves, the SH waves polarization being represented by points only.
Figure 2 shows particle motion diagrams for the inhomogeneity parameter D = 0.02. The polarization ellipses
are plotted for twenty values of the propagation angle i, specifying the vector n, see (12). The vectors n point
from the center of the figure toward the centers of polarization ellipses. We can see that both P and SV waves
are elliptically polarized, with polarization ellipses mutually perpendicular. For some propagation angles, long axes
of the polarization ellipses deviate considerably from the direction of n for P waves and from the direction
perpendicular to n for SV waves. The deviations are minimum for horizontal and vertical directions, which represent
longitudinal directions of the matrix A1. The eccentricity of the polarization ellipses varies significantly with the
propagation angle. The eccentricities of the polarization ellipses of P and S waves for a given propagation angle
are similar, but not the same. Particularly strong changes of eccentricity can be observed close to the vertical. In
the perfectly elastic case, this is the direction of the kiss singularity. There is no symmetry in the orientation of
the polarization ellipses and in their eccentricity with respect to the vertical. A full symmetry can be, however,

Fig. 1. Polar diagrams of the phase velocity C in a plane of symmetry of the model MJ for D = 0
(homogeneous wave), 0.057, 0.059 and 0.2. Outer curves: the fastest wave (P wave); the inner curves: SV
and SH waves. SV wave is slowest except in directions close to the vertical for D > 0.
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Fig. 2. Particle motion diagrams of P and SV waves in the same plane
of the model MJ as in Fig. 1, for D = 0.02. Thickest curves: the fastest
wave (P wave), thinner: intermediate wave, thin: the slowest wave.
SH wave is polarized perpendicularly to the plane of symmetry.

observed for n and –n. Anomalous behavior of phase velocities of SV and SH waves can be observed. Note that
along the vertical the SV wave becomes faster than the SH wave.
In Fig. 3, we investigate behavior of polarization for varying values of the inhomogeneity parameter D,
namely for D = 0, 0.01, 0.02, 0.03, 0.05 and 0.1. The horizontal axis corresponds to the propagation angle i. The
vertical direction corresponds to the direction of the vector n, perpendicular to the wavefront. In this presentation,
the deviations of the longer axes of polarization ellipses of the P wave from the direction of n are particularly
well pronounced. Note that for all D, the longer axis is parallel to n for P waves and perpendicular to it for S
waves for i = 90° only. For i = 0°, this is true only for a homogeneous plane wave, D = 0. With increasing D,
the angle i, for which the two directions are parallel or perpendicular, shifts from zero to positive values. For
D = 0.1 in Fig. 3, it is, approximately, i = 5°.
As we can see from Fig. 3, the polarization ellipses have very large eccentricity for homogeneous plane
waves (D = 0). With increasing D, the eccentricity decreases. For D greater than those used in Fig. 3, B, the
polarization ellipses become nearly circular. Consequently, for great D, it becomes difficult to distinguish P and
SV waves according to their polarization. Also note that for increasing D, the range of propagation angles i, for
which the SV wave propagates faster than the SH wave, also increases. All this also holds for negative values
of D.
In Fig. 4, three important directions characterizing plane wave propagation in viscoelastic anisotropic media
are compared. Particle motion diagrams as functions of the propagation angle, separately for P, SV and SH plane
waves, are compared with corresponding directions of the time-averaged energy flux (short lines), and with vertical
direction representing direction of the wavefront propagation. We can see that in regular regions (outside vicinity
of the axis of symmetry, i = 0°), the direction of the energy flux is nearly parallel or perpendicular to the longer
axes of the polarization ellipses. Both directions may deviate significantly from the direction of the wavefront
propagation.
In the model MJ ELAST, the 6×6 matrix of density-normalized moduli is specified as A = A1, see (9).
Thus, we deal with a perfectly elastic anisotropic medium in this case. Let us compare the results for perfectly
elastic anisotropic media with the results for viscoelastic anisotropic media, presented in previous section.
Figure 5 shows the same as Fig. 3, A but for a perfectly elastic anisotropic medium. For a homogeneous
wave (D = 0), the polarization is strictly linear not only for SH wave but also for P and SV waves. For
inhomogeneous plane waves (D ≠ 0), the polarization of P and SV waves becomes elliptical.
Comparison of Figs. 3, A and 5 shows that the particle motion diagrams of P and SV waves in perfectly
elastic and viscoelastic anisotropic media are very similar for a given D and i. This indicates that the perturbation
555
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Fig. 3. Particle motion diagrams of P and S waves versus the propagation angle i in the same plane of the
model MJ as in Fig. 2. A — for D = 0 (homogeneous wave), 0.01 and 0.02; B — for D = 0.03, 0.05 and 0.1.
Direction of wavefront propagation is vertical. The use of different thicknesses as in Fig. 2. Thicker
particle motion of the SV wave for i = 0° indicates that the SV wave is faster than SH wave in this direction.

methods for homogeneous as well as inhomogeneous plane waves propagating in weakly viscoelastic media, in
which perfectly elastic media are used as a reference, should work very well.
Model MJ ROT. In this section, we wish to illustrate that the algorithm described in Section 1 works safely
even outside symmetry planes. In such a case, we cannot speak about SV and SH waves any more, and thus we
speak about S1 (faster) and S2 waves. We use the model MJ and rotate it by 40° about the x2 axis, and then by
30° about the vertical (x3 axis). Figure 6 shows projections of the particle motion diagrams into the
propagation-attenuation plane Σ||. Because Σ|| does not coincide with the symmetry plane, we can observe particle
motions of all three plane waves. The three plots in Fig. 6 correspond to D = 0, 0.01 and 0.02.
The particle motion diagrams in Fig. 6 have similar features as those in Figs. 3 and 5, specifically a decrease
in the eccentricity with increasing D. Interesting is behavior of particle motions of the faster of the S waves in
Fig. 6. It is polarized strictly horizontally for D = 0 and nearly horizontally for D ≠ 0. The explanation of this
phenomenon is simple. In a medium of hexagonal symmetry, every vector is situated in a plane of symmetry.
Moreover, one of the S waves is polarized linearly and its particle motion is perpendicular to the plane of symmetry.
Thus, a slowness vector of any homogeneous plane wave is situated in a plane of symmetry and is perpendicular
to the polarization of the mentioned S wave. Since the slowness vectors in Fig. 6 are situated in the plane of the
figure and are vertical, projection of the polarization of the considered S wave is horizontal. As D increases, the
polarization of this wave also becomes elliptical and starts to deviate from the horizontal.
Model ORTHO. Let us now consider an orthorhombic model. The matrix A1, see (9), has been proposed
by Schoenberg and Helbig [33]. It has the following form:
0
0
9.00 3.60 2.25
0

0
2.40
0
0
9.84

0

5.94
0
0
A1 = 
.
0
2.00
0

1.60

0


2.18
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Fig. 4. Comparison of directions of the energy flux (short
lines) and of the polarization ellipses for D = 0.02 for P, SV
and SH waves in the model MJ. Direction of wavefront
propagation is vertical.

Fig. 5. The same as in Fig. 3, A but for the model MJ ELAST.
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Fig. 6. The same as in Fig. 3 but for the model MJ ROT:
rotated model of Fig. 2. Thick line — the P wave. Thin
line — the slower S wave.
Voigt notation is again used, the elements of A1 are in (km/s)2. This model has two singularities (conical
points) in the plane (x, z) for the propagation angles i = 20.1° and 59.8°, one conical point in the plane (y, z) for
the propagation angle i = 72.5°, and one more conical point for the propagation angle i = 46.53° in the vertical
plane deviating from (x, z) by 44.89°, [33].
In the model ORTHO, the matrix A1 is given by (13) and the matrix A2 is the same as in the model MJ,
see (11).
In Figure 7, the particle motion diagrams are displayed in the propagation-attenuation plane Σ|| chosen so
that it coincides with the plane of symmetry (x, z). The inhomogeneity parameter is D = 0.02. Figure 7 is analogous
to Fig 2, with which it shares several common features. The differences are only in the propagation angles, for
which the SV wave becomes faster than the SH wave. The SV wave is faster for the propagation angles
approximately limited by conical points of the matrix A1, i.e., between ∼20° and 60°. As in Fig. 2, the eccentricity
of the polarization ellipses in Fig. 7 is minimum close to the directions, in which the SV wave is faster. It is
interesting that the eccentricities of P and SV waves vary in a similar fashion.
In all the following plots, only particle motions of S waves are shown. Faster S wave is shown by thick
curves, slower by thin ones. Variation of the particle motion with varying inhomogeneity parameter D in the same
display as in Figs. 3–5 can be seen from Fig. 8. As in Fig. 7, we can see that with varying propagation angle one
S wave becomes faster than the other, and vice versa. Except for some directions for D = 0, the polarization is
elliptical. This is in contrast with the same plot of particle motion, but for the symmetry plane (y, z). As can be
seen from Fig. 9, no matter how D varies, polarization of both waves is linear. While the polarization changes
quite dramatically with the propagation angle, there is practically no variation with D. There is only one important
exception. The propagation angle corresponding to the direction, in which both S waves propagate with the same
phase velocity, decreases with increasing D as can be seen from the comparison of plots for D = 0 and D = 0.04
for i ∼ 70°. Note significant deviations of the particle motion from the direction perpendicular to the direction of
wavefront propagation.
Figure 10, A shows particle motion diagrams in the vertical plane deviating from (x, z) by 44.89°, i.e. in the
plane, in which A1 has a conical singularity for the propagation angle 46.53°. We can see that eccentricity of
polarization ellipses of one of the S waves (faster for the propagation angles less than 46.53°) is systematically
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Fig. 7. Particle motion diagrams of P and SV waves for D = 0.02 in
the (x, z) plane of symmetry of the model ORTHO. The use of
different thicknesses as in Fig. 2. SH wave is polarized perpendicularly to the plane of symmetry. SV wave is faster for propagation
angles i ∼ 20−60°.

Fig. 8. Particle motion diagrams of S waves versus the propagation
angle i for D = 0 (homogeneous wave), 0.04 and 0.1 in the (x, z) plane
of the model ORTHO. Direction of wavefront propagation is vertical. Thicker curves are used for the particle motion of S wave with
greater phase velocity. The S waves polarized as SV and SH. SV
wave is faster for propagation angles i ∼ 20−60°.
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Fig. 9. Particle motion diagrams of S waves versus the propagation
angle i for D = 0 (homogeneous wave), 0.04 and 0.1 in the (y, z) plane
of the model ORTHO. Thicker curves used for the particle motion of
S wave with greater phase velocity. Polarization of S1 and S2 waves
changes abruptly between i = 70° and 80°. The angle of change varies
with varying D. Note that both S waves are linearly polarized.

lower than of the other and that eccentricity decreases with decreasing propagation angles. Note again significant
deviations of the particle motion from the direction perpendicular to the direction of wavefront propagation.
Model ORTHO ELAST. Here we consider the original model [33], i.e., A1 is given by (13) and the matrix
A2 = 0. Except for D = 0, plots analogous to Fig. 9 are in this case very similar to those in Fig. 8. For D = 0,
particle motion is strictly linear. Plots analogous to Fig. 10 are very similar to those in Fig. 9 even for D = 0.
More pronounced differences can be seen in plots analogous to Fig. 10, A, see Fig. 10, B. For D = 0, particle
motion is again strictly linear, for D nonzero, eccentricity of the polarization ellipses is very high.

CONCLUSIONS
The observations made on previous models can be summarized in the following way:
1. In most cases, both P and SV waves are elliptically polarized. Linear polarization can be observed along
some specific directions, see, e.g., SH waves in symmetry planes of the MJ model or both S waves in the (y, z)
symmetry plane of the model ORTHO. The longer axes of P- and SV-wave polarization ellipses are mutually
perpendicular.
2. For some n the long axes of the polarization ellipses of P waves deviate considerably from the direction
of n. The same holds for SV waves if the deviations are measured from the direction perpendicular to n.
3. The eccentricity of the polarization ellipses varies significantly with varying n.
4. The eccentricities of the polarization ellipses of P and S waves for a given n are similar but not the same.
5. There is no symmetry in the orientation of the polarization ellipses and in their eccentricity with respect
to the vertical as in a perfectly elastic case. The symmetry exists for D = 0. With increasing |D|, asymmetry
increases. A full symmetry can be observed for n and –n.
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Fig. 10. Particle motion diagrams of S waves versus the propagation angle i for D = 0 (homogeneous wave),
0.04 and 0.1 in the vertical plane of the model ORTHO (A) making 44.89° with the (x, z) plane; the same
for the model ORTHO ELAST (B). Thicker curves used for the particle motion of S wave with greater
phase velocity. Polarization of S1 and S2 waves changes abruptly between i = 45° and 54°.

6. The direction of energy flux is usually closer to longer (shorter) axes of the polarization ellipses of P (S)
waves than to the direction of n.
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