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Introduction

Two-point traveltime T (R,S) between S and R known

Two-point paraxial traveltime T (R′, S ′) between S ′ and R′ to be determined
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Introduction

Ray-centred coordinate system qi

non-orthogonal, curvilinear, fixed origin

coordinate line q3 ⇔ the reference ray Ω

q1, q2 - Cartesian coordinates in the plane ⊥ slowness vector p

Wavefront orthonormal coordinate system yi

local Cartesian, moving origin

yi - Cartesian coordinates, y1 ≡ q1, y2 ≡ q2, y3 ∥ p
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Two-point paraxial traveltime formula

DRT in ray-centred coordinates

T (R′, S ′) = T (R,S) + δxRi pi(R)− δxSi pi(S)

−δxSi Aij(R,S)δxRj + 1
2δx

R
i Mij(R,S)δxRj + 1

2δx
S
i Nij(R,S)δxSj

δxRi = xi(R
′)− xi(R) , δxSi = xi(S

′)− xi(S)

Aij(R,S) = fS
Mi(Q

(q)−1
2 )MNf

R
Nj

Mij(R, S) = fR
Mi(P

(q)
2 Q

(q)−1
2 )MNf

R
Nj + (piηj + pjηi − pipjUkηk)R

Nij(R, S) = fS
Mi(Q

(q)−1
2 Q

(q)
1 )MNf

S
Nj − (piηj + pjηi − pipjUkηk)S
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Two-point paraxial traveltime formula

DRT in ray-centred coordinates

xi - Cartesian coordinates

Quantities obtained from tracing the reference ray Ω

pi - components of the slowness vector p

U = dx/dτ - ray-velocity vector

η = dp/dτ - η-vector

11



Two-point paraxial traveltime formula

DRT in ray-centred coordinates

Vectors fI: (f1, f2) ⊥ Ω

not necessarily unit and mutually perpendicular

f1 = C−1(e2 × U) , f2 = C−1(U × e1)

C - phase velocity

Vectors eI: (e1, e2) ⊥ p

unit and mutually perpendicular

deI/dτ = −(eI · η)p/(p · p)
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Two-point paraxial traveltime formula

DRT in ray-centred coordinates

Q
(q)
1 , Q(q)

2 , P(q)
2 - 2× 2 submatrices

of the 4× 4 ray propagator matrix Π(q)

Π(q)(R, S) = Π(q)(τ, τ0) =


Q

(q)
1 (R, S) Q

(q)
2 (R, S)

P
(q)
1 (R, S) P

(q)
2 (R, S)



Π(q) - solution of the dynamic ray tracing in ray-centred coordinates

dΠ(q)(τ, τ0)/dτ = S(τ )Π(q)(τ, τ0)

S - 4× 4 DRT system matrix

Initial conditions: Π(q)(τ0, τ0) = I ; I - 4× 4 identity matrix
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Two-point paraxial traveltime formula

DRT in wavefront orthonormal coordinates

T (R′, S ′) = T (R,S) + y3(R
′)C−1(R)− y3(S

′)C−1(S)

−yi(S
′)A

(y)
ij (R,S)yj(R

′) + 1
2yi(R

′)M
(y)
ij (R,S)yj(R

′) + 1
2yi(S

′)N
(y)
ij (R,S)yj(S

′)

A
(y)
IJ (R,S) = (Q

(y)−1
2 )IJ = (Q

(q)−1
2 )IJ

M
(y)
IJ (R,S) = (P

(y)
2 Q

(q)−1
2 )IJ = (P

(q)
2 Q

(q)−1
2 )IJ

N
(y)
IJ (R,S) = (Q

(y)−1
2 Q

(q)
1 )IJ = (Q

(q)−1
2 Q

(q)
1 )IJ

Π(y)(R,S) = Π(q)(R,S)
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Two-point paraxial traveltime formula

DRT in wavefront orthonormal coordinates

3× 3 matrices M(y) and N(y) are symmetric

3× 3 matrix A(y) is non-symmetric

3rd columns and 3rd lines depend

on RT quantities C, U (y)
I , η(y)I at S and R

on DRT quantities Q
(y)
1 (R, S), Q(y)

2 (R,S) and P
(y)
2 (R, S)

complete expressions given in the Report
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Two-point paraxial traveltime formula

Two-point paraxial traveltime formulae using DRT

in ray-centred and wavefront orthonormal coordinates

are equivalent
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Conclusions

- single ray approach

- S ′ and R′ arbitrarily chosen in paraxial vicinities of S and R

- knowledge of the 4× 4 ray propagator matrix sufficient

- the 4× 4 ray propagator matrix Π(q)(R,S) in ray-centred coordinates

or Π(y)(R,S) in wavefront orthonormal coordinates can be used

- Π(q)(R, S) = Π(y)(R, S)

- efficient, no problems with redundant DRT solutions

- formulae for T (R′, S ′) in both coordinates equivalent

- formulae for T 2(R′, S ′) available

- paraxial slowness vectors at R′ and S ′
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